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1 Abstract—Localized incomplete multiple kernel k-means (LI-
2 MKKM) is recently put forward to boost the clustering accuracy
3 via optimally utilizing a quantity of prespecified incomplete base
4+ kernel matrices. Despite achieving significant achievement in a
s variety of applications, we find out that LI-MKKM does not
¢ sufficiently consider the diversity and the complementary of
7 the base kernels. This could make the imputation of incom-
s plete kernels less effective, and vice versa degrades on the
9 subsequent clustering. To tackle these problems, an improved LI-
10 MKKM, called LI-MKKM with matrix-induced regularization
11 (LI-MKKM-MR), is proposed by incorporating a matrix-induced
12 regularization term to handle the correlation among base kernels.
13 The incorporated regularization term is beneficial to decrease
14 the probability of simultaneously selecting two similar kernels
15 and increase the probability of selecting two kernels with mod-
s erate differences. After that, we establish a three-step iterative
17 algorithm to solve the corresponding optimization objective and
s analyze its convergence. Moreover, we theoretically show that
9 the local kernel alignment is a special case of its global one with
20 normalizing each base kernel matrices. Based on the above obser-
21 vation, the generalization error bound of the proposed algorithm
> is derived to theoretically justify its effectiveness. Finally, exten-
23 sive experiments on several public datasets have been conducted
24 to evaluate the clustering performance of the LI-MKKM-MR.
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As indicated, the experimental results have demonstrated that
our algorithm consistently outperforms the state-of-the-art ones,
verifying the superior performance of the proposed algorithm.

Index Terms—Incomplete kernel learning, multiple kernel
clustering (MKC), multiple view learning.

I. INTRODUCTION

ULTIPLE kernel clustering (MKC) [1]-[8] sufficiently

integrates a number of precalculated base kernel matri-
ces to group samples into clusters, where similar samples
are in the same cluster while dissimilar ones are partitioned
into different ones. MKC has attracted much attention of
the data mining researchers and has been widely studied in
recent years [9]-[17]. The seminal work in [9] extends the
multiple kernel learning from supervised learning to unsuper-
vised learning and proposes a margin-based MKC algorithm.
It jointly optimizes the optimal kernel, the maximum mar-
gin hyperplane, and the optimal clustering labels. The widely
used kernel k-means method has been extended in [18] for
clustering analysis, where an optimal kernel is learned from
multiple data sources. Similarly, the work in [12] extends
the existing multiple kernel k-means (MKKM) algorithm by
designing a localized MKKM one in order to well utilize
the characteristics of each individual sample. To enhance the
robustness of the existing MKKM algorithms to noisy data,
Du et al. [13] proposed a robust MKKM algorithm by substi-
tuting the widely adopted squared error in the existing k-means
with an €3 1-norm one, and simultaneously optimized the best
combination of kernels. To increase the diversity and decrease
the redundancy of the selected base kernels, the recent work
in [14] extends the existing MKKM algorithms by designing a
matrix-induced regularization term to sufficiently explore the
correlation among the prespecified base kernels. More recently,
an optimal neighborhood kernel clustering (ONKC) algorithm
is proposed in [19], where the representability of the optimal
kernel to learn is largely boosted and the negotiation between
kernel learning and clustering is also reinforced. The afore-
mentioned MKC algorithms have been applied into many cases
and reached a superior performance [15], [20]-[23].

As observed, these MKC algorithms share a common
assumption: all the prespecified base kernels are com-
plete. Nevertheless, in some real-world applications, such as
image fusion [24], image retrieval [25], and document/video
analysis [26], some views of a sample are usually not
collected due to various reasons [27], [28]. To address
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this issue, the work in the literature proposes to first
impute the missing elements in base kernel matrices with
imputation methods and then performs the existing MKC
on these imputed kernels. Several commonly used filling
methods include zero-filling, mean value filling, k-nearest-
neighbor filling (KNN), expectation-maximization (EM) fill-
ing [29], as well as several recently proposed to matrix
imputation [30]-[33].

One disadvantage existing in the aforementioned “two-
stage” algorithms is that the imputation is separated from the
subsequent clustering. As a result, this may not be conducive
to mutual negotiation between the imputation and clustering to
reach the best performance. To overcome the above issue, the
more recent literature [34]-[36] advocates to unify the learn-
ing procedure of imputation and clustering into a common
framework, with the aim to learn an optimal imputation that
best severe for the clustering tasks.

Although demonstrating superior clustering results in sev-
eral practical applications, we find that these works do not
sufficiently consider the redundancy and diversity among
prespecified kernel matrices when performing incomplete
MKC. This could lead to high redundancy and low diver-
sity among the selected kernels [14], making the utilization
ratio of these base kernel matrices insufficient and con-
versely decreasing the accuracy of clustering tasks. In our
work, a localized incomplete MKKM with matrix-induced
regularization (LI-MKKM-MR) is proposed to address the
above-mentioned issue. By incorporating matrix-induced reg-
ularization, LI-MKKM-MR is able to avoid selecting two
similar kernel matrices simultaneously and increase the prob-
ability of selecting two kernel matrices with large diversity,
making the base kernels better utilized for clustering. In addi-
tion, it inherits the advantage of localized incomplete multiple
kernel k-means (LI-MKKM) which only requires that the
similarity of each sample to its top k-nearest neighbors be
optimally aligned with the corresponding patch of the entire
ideal similarity. This is helpful for LI-MKKM-MR to pay
more attention on closer pairwise sample similarities that shall
be put together, and prevents involving unreliable similarity
evaluation for farther sample pairs. Furthermore, a three-step
iterative optimization algorithm is designed to solve the corre-
sponding optimization objective and its convergence has also
been analyzed. After that, the generalization error bound of the
clustering algorithm is derived, which theoretically guarantees
its effectiveness. Comprehensive experiments on several pub-
lic datasets have been conducted to evaluate the clustering
performance of the proposed LI-MKKM-MR. As demon-
strated, LI-MKKM-MR significantly and consistently outper-
forms the existing two-step-based algorithms and the newly
proposed algorithm [36]. Extensive experimental results have
demonstrated the superiority of involving the matrix-induced
regularization.

To summarize, this work makes the following major
contributions.

1) This is the first attempt to identify the kernel redun-

dancy problem in incomplete MKC. We then introduce
a new algorithm to improve LI-MKKM by integrating
matrix-induced regularization to select low-redundant
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and high-diverse kernel matrices and carefully establish
three-step iterative algorithm to solve the corresponding
optimization objective.

We build the theoretical connection between global and
local kernel alignment criteria, then we further derive the
generalization error bound of the proposed LI-MKKM-
MR, which theoretically justifies its effectiveness.
Comprehensive experiments on ten public datasets have
demonstrated that our LI-MKKM-MR achieves the
state-of-the-art performance compared with the exist-
ing advanced algorithms. This considerably verifies our
identification of the aforementioned issue and the effec-
tiveness of our solution.

Finally, we clarify the differences between LI-MKKM-MR
and several recently proposed related work [14], [35]. The
differences between LI-MKKM [35] and LI-MKKM-MR can
be summarized from the following three aspects.

1) LI-MKKM [35] does not sufficiently consider the diver-
sity and the complementarity of these incomplete base
kernels. This could make the imputation of incomplete
kernels less effective, and incur the adverse effect on
the subsequent clustering. Differently, LI-MKKM-MR
is proposed by incorporating matrix-induced regulariza-
tion, which is helpful to reduce the probability of simul-
taneously selecting two similar kernels and increase the
probability of selecting two kernels with moderate dif-
ferences, making the base kernels better utilized for
clustering.

Compared to LI-MKKM [35], LI-MKKM-MR pro-
vides the generalization error analysis, which measures
the clustering performance of the learned clusters in
the training procedure on unseen samples. This the-
oretically justifies the effectiveness of the proposed
LI-MKKM-MR.

As observed from the experimental results in Section IV,
LI-MKKM-MR significantly improves the clustering
performance of LI-MKKM [35] in various benchmark
datasets, which well validates our identification of the
aforementioned issue in LI-MKKM and the effectiveness
of our solution.

We then summarize the differences between [14] and our
work from the following aspects. In [14], matrix-induced
regularization is proposed to solve the kernel redundancy
in MKC. However, it cannot effectively solve MKC with
incomplete kernels. Differently, the proposed LI-MKKM-MR
makes the first attempt to identify the kernel redundancy
problem in incomplete MKC, proposes an effective solu-
tion, and conducts comprehensive experiments to validate
our identification of this issue and the superiority of our
algorithm.

2)

3)

2)

3)

II. RELATED WORK

In this part, we mainly introduce the methods of MKKM
clustering, MKKM with incomplete kernels (MKKM-IK), and
its localized variant. Before introducing these algorithms, we
present all notations which will be used in the following in
Table L.
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TABLE I
NOTATIONS SUMMARY

{xi} n training samples
number of clusters
T ratio of the nearest neighbors
~ =17, ym] T kernel weights
Kp(+s+) the p-th kernel function
op(+) feature mapping corresponding to xp (-, -)
o~ (+) feature mapping corresponding to K~ (-, -)
{Kptpts m base kernel matrices
ep observed sample indices of K,
H partition matrix
Kédd) sub-matrix of K, for observed samples
U ¢ {0,1}nxround(nr) neighborhood indication matrix of x;
correlation matrix among m base kernels
C= [Cl, cee ,Ck] the learned k centroids

183 A. Multiple Kernel k-Means

e Let {x;}}_; € A be n training samples, and ¢p(-) : x € X'
185 FHp, X are mapped onto a reproducing kernel Hilbert space
16 Hp (1 < p < m) by the pth feature. Each sample in MKC
17 1S represented by ¢, (X) = [qubir(x), e, ym¢;nr(x)]T, where
w8 ¥ = [Y1,...,¥m] represents the weights of m prespecified
189 base kernel functions {«,(-, ~)}Z’=1. These kernel weights will
190 be adaptively adjusted during MKC. Under the aforementioned
191 definition of ¢, (x), the corresponding kernel function can be
192 expressed as follows:

m
ey (%0 %) = by DGy () =Y vpip(xix;). (1)
p=1
194 One can calculate a kernel matrix K, on training samples
s {x;};_, with the kernel function defined in (1). As a result, the
s objective of MKKM with K,, is formulated as

1

©

1

©

- min Tr(Ky (In - HHT>)
H,y
108 st. HH=I, ' 1,=1,%>0 Vp 2)

19 where H € R™** is a soft version of the cluster assignment
200 matrix, and Iy is a k x k identity matrix. Alternately updating
200 H and y can optimize (2).

202 Optimizing H With Fixed y: With y fixed, the optimization
203 in (2) toward H is exactly the traditional kernel k-means
204 presented in

205 max Tr(HTKyH> stHeER™ H'H=T. (@3

206 The optimal H in (3) consists of k eigenvectors correspond-
207 ing to the top-k eigenvalues of K, [37].

208 Optimizing y With Fixed H: With H fixed, the equivalent
200 form of optimization in (2) with regard to p is as follows:

m
210 myin [)XZI:VI,ZTr(Kp(In — HHT)) S.t. yTlm =L »z=0 &

211 Which has a closed-form solution.

B. MKKM With Incomplete Kernels

MKKM has recently been extended to handle incomplete
MKC in [34] and [36]. Previous algorithms first manage to
impute the incomplete kernel matrices and then apply the
existing MKKM on the imputed kernel matrices. In con-
trast, they propose to unify the learning process of imputation
and clustering into a common learning framework and estab-
lish an effective optimization algorithm to optimize each of
them alternately. In MKKM-IK, the clustering procedure pro-
vides a guidance for the imputation of the incomplete base
kernel matrices, and the clustering is further enhanced by the
imputed kernels. Both procedures are alternated performed
until achieving optimal results. The above idea can be achieved
as follows:

min ~ Tr(K, (@, ~ HH"))
H. y (K)o,

st. HeER™F H'H=1I,
Y ly=17y>0
K,(ep.€)) =K\ K, =0 Vp (5

where e, (1 < p < m) denotes the sample indices, the p-th
view is observed, and K,(,dd) denotes the kernel submatrix. Note
that we impose the constraint K, (e, e,) = K},dd) to make
the known entries of K, kept unchanged during the learning
course. The imputation of incomplete kernels can be regarded
as a by-product of learning, because the ultimate goal of (5)
is clustering.

A trilevel optimization strategy developed in [34] develops
to solve (5) alternately.

Optimizing H With y and {Kp};’:] Fixed: Given y and
(K, }[’f’: |» the optimization in (5) with respect to H is equivalent
to a kernel k-means problem solved by (3).

Optimizing {K, ;": ; With y and H Fixed: Given y and H,
(5) toward each K,, is equivalently reformulated as follows:

. _ T
min Tr(K,, (I, — HH ))
st Kp(ep, ep) = K\, K, > 0. (6)

It is proven in [34] that the optimal K,, in (6) has the closed-
form solution as in (7), shown at the bottom of the page, where
Z =1, — HH' and taking the elements of Z corresponding
to the observed and unobserved sample indices can construct
Z@m For more details, refer to [34].

Optimizing y With H and {K, Z': ; Fixed: Given H and
{Kp}l””:l, (5) with respect to y reduces to a quadratic pro-
gramming (QP) with linear constraints.

C. Localized Incomplete MKKM

Although it is ingenious to unify clustering and imputation
into one learning process, which is achieved by globally max-
imizing the alignment between the optimal kernel matrix K,

K(dd)
K, = P
P |:_(Z(mm))lz(dm)TKl(7dd) (Z(mm))flZ(dm)TKl()dd)Z(dm) (Z(mm))fl

_K;?dd)z(dm) (Z(mm))—l ] )
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and the ideal matrix HH', as presented in (2). This crite-
rion does not take full advantage of the local distribution of
data, and requires that all paired samples, whether closer or
farther, should be consistent with the ideal similarity without
distinction.

Instead of calculating the alignment between the optimal
kernel and the idea matrix in a global manner as in (5),
localized incomplete MKKM (LI-MKKM) [35] is proposed
to utilize the local structure among data by only requiring
the similarity of each sample to align with its nearest neigh-
bors. Specifically, the objective function of LI-MKKM is as
follows:

min
K }m

ZTr< (A9~ AOHHTA®))

s.t. He RnXk, HTH =1I, }’Tlm =1, Yp = 0
K,(ep. ) =K K, =0 Vp 8)

where A® = UOUO " with UD ¢ {0, 1)#xroundmo) (1 < j <
n) denoting the neighborhood index matrix of the ith sample.
U,(v) = 1 represents that x; is the vth nearest neighbor of x;,
where 1 < v <round(n x t) and 7t is the ratio of the nearest
neighbors.

Similar to [34], the work in [35] develops a tristep
optimization algorithm to solve (8) and theoretically proves

its convergence. Refer to [35] for more details.

III. LOCALIZED INCOMPLETE MULTIPLE KERNEL
k-MEANS WITH MATRIX-INDUCED REGULARIZATION

263 A. Formulation
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Although aligning the optimal kernel with the ideal similar-
ity locally can improve the clustering performance, LI-MKKM
dose not explicitly take the correlation among base kernels
into account. This would prevent these incomplete base ker-
nels from being well utilized. To overcome this problem, we
propose an improved algorithm based on LI-MKKM via intro-
ducing matrix-induced regularization y "My to decrease the
redundancy and enhance the diversity of the selected base ker-
nels, where M), measures the correlation between K, and
K,. By integrating this regularization into (8), the following
objective is obtained:

n
. . . A
min Tr(K A0 _ A(’)HHTA(’))) + 2y T™My
y (K} H ; Y 2
st. HeR™  H'H=1I

Yy lu=1 %20

K, (e ¢,) =K\ K, =0 Vp )

where A is a hyper-parameter to balance the regularization on
kernel weights and the loss of local kernel k-means.

In this work, we adopt M, = Tr(K,K,) to measure the cor-
relation between K, and K. On one hand, the incorporation of
¥ "My is helpful for well utilizing the base kernels, which is
utilized to boost the clustering performance. On the other hand,
it makes the resultant optimization more challenging since the
optimization on each K, is a quadratic semi-defined program-
ming, whose computational cost is intensive and this prevents
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it from being applied to practical applications. To reduce the
computation overhead of (9), we propose to approximate M),
by My, = Tr(KY’KY”) and keep it unchanged during the
learning course, where K},O) is an initial imputation of K. By
substituting M with M, the objective function of the proposed
LI-MKKM-MR can be expressed as follows:

mln
Pp l

ZTr( y(A? - APHHTAD)) + 2y Thy
2

He R H'H=I,
y'1

S.t.

K,(e,.€,) =K K, >0 Vp. (10)

It is reasonable to measure the correlation of pairwise ker-
nels via observed similarity. Consequently, the approximation
M can be regarded as a prior of M. Also, although this
approximation is simple, its advantages are three-folds. First,
it fulfills our requirement on the kernel coefficients to enhance
the diversity and decrease the redundancy. Second, it simplifies
the optimization on {K[’}p—l’ making it admit a closed-form
solution. This significantly increases the computational cost.
Third, the effectiveness of the proposed approximation can be
demonstrated by experiments.

Although the matrix-induced regularization may be
exploited in other related aspects, such as MKC [14], this
is the first work in literature to study the regularization on
incomplete MKC and design a reasonable approximation for
the convenience of computation. Moreover, this would trigger
more research on incomplete MKC, such as designing more
informative M, updating M with learned kernel weights and
the imputation at each iteration, to name just a few. More
importantly, our experimental study shows that the incorpo-
ration of matrix-induced regularization helps to utilize the
incomplete kernels, leading to significantly improvement on
clustering performance. This makes the proposed algorithm a
good choice in real-world applications, such as cancer biol-
ogy [12], analysis of multiple heterogeneous neuroimaging
data [38], and Alzheimer’s disease diagnosis [39]. In the fol-
lowing, we develop a tristep optimization strategy to solve it
alternately in the following parts.

B. Alternate Optimization of LI-MKKM-MR

Optimizing H With y and ,’K[,;J ; Fixed: Given y
and {K,,}p I

the optimization objective w.r.t H in (10)
redefines to

n
max Tr{H'™ (A(i)K A(i)>H
st. HeR™ K H'H=I (11)
which is transformed into a classical kernel k-means-based
optimization objective and can be conveniently tackled by the
existing public toolkit

Optimizing (K.}, _1 With y and H Fixed: Given y and
H, the optlmlzatlon objective w.r.t {Kp};’f:1 in (10) can be
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formulated as

m n
PR
Pip=l p=1 i=1

st. Ky(ep.e) =K K, =0 Vp. (12)

It is difficult to solve the optimization problem in (12) since
there are multiple kernel matrices to be optimized simultane-
ously. By cautiously analyzing the optimization, we observe
that: 1) each kernel matrix K, has its own separate constraint
and 2) the objective in (12) is a sum generated by calculating
K,. As a result, (12) can be reformulated as m uncorrelated
subobjectives equivalently, as shown in the following:

min Tr(K,Q)
K,

st Ky(ep. e,) =K K, = 0 (13)

where Q = Y7 (AD — AOVHHTA®).

It seems that directly solving (13) is difficult because
of the equality and PSD constraints imposed on K,. By
following [35], we parameterize each K, as:

K K7
K, = [ZT§<dd> ZT%(dd); (14)
p P 'p TP P

where Z,, € R d and m refer to the number of observed
samples and unobserved ones, respectively. With (14), we
assume that the observed ones represent the missing kernel
entries. It is shown in [35] that K, in (14) automatically
satisfies both constraints after this parametrization.
Based on the parametrization in (14), the constrained
Kl(;dd)zp Q(dd)

optimization in (13) is equivalent to
Qdm
15
Z;K,(,dd)lp:| [Q(d’")T qQum |

K@
min Tr 4
Ty (dd)
L (|:Zp K,
where Q is decomposed into the following submatrices
Q(dd) Q(dm)
(l(dm)T Q(mm) .
To minimize (15), we take its derivative with respect to Zj,
and let it vanish, leading to

Zp — _Q(dm) (Q(mm)) -1 )

As a result, we obtain an analytical solution for the optimal
K,, by substituting Z, in (16) into (14). As seen, (13) provides
a guidance for the imputation of each base kernel by explor-
ing the data structure in a local manner. Specifically, it locally
estimates the alignment between the similarity of each sam-
ple and its t-nearest neighbors with the corresponding ideal
matrix. This enables the proposed algorithm to better utilize
the intracluster variations among samples. Therefore, the clus-
tering performance could be improved, mainly attributing to
an effective incomplete kernels imputation measure.

Optimizing y With {KP}Z’: ; and H Fixed: Given {Kp}p’":1
and H, it is easy to present that (10) w.r.t. ¥ is as follows:

(16)

1 -
min —yT(ZW + AM)y
y 2

st. Y L,=1,%>0 (17)

Algorithm 1 Proposed LI-MKKM-MR
Input: {K;fd)};;l, e} k.7, % and €.
Output: H, y and {Kp}[’le.
Initialize @ = 1,,/m, {(K;"}"_ and 1 = 1.
Generate U® for i-th samples (1 <i <n) by Ky(m.
Calculate AV = U(")U(")—r for i-th samples (1 <i <n).
repeat s
(1) (r=1)

K,o = Z,T:l (Vp ) K, .

Update H? by solving Eq. (11) with K,¢).

Update {Kj'}»| with H® by Eq. (13).
Update y @ by solving Eq. (17) with H® and {K;,t) bt
t=t+1.
: until (obj“~" — 0bj?)/0bj? < €

D AR AN R

_ = =
N2

where W = diag([Tr(K;Q), ..., Tr(K,;Q)]). Theorem 1 in
the following indicates that W is PSD.

Theorem 1: The Hessian matrix 2W + AM in (17) is a
symmetric PSD matrix.

Proof: By defining H = [hy, ..., hi], we can find out that
HH'h, = h.(1 < ¢ < k) since H'H = I . This indicates
that HH' has k eigenvalue with 1. Besides, its rank does
not exceed k. This means that its has n — k eigenvalue with
0.1, — HH' contains n — k eigenvalue with 1 and k eigen-
value with 0. Consequently, A® {1, —HHT)A(i) is PSD, which
ensures that Q = Y7 (A® — AOHHTA®) is PSD. As a
result, we have w, = Tr(K,Q) > 0 Vp, guaranteeing the posi-
tiveness of W. Meanwhile, W is also a symmetric PSD matrix
according to [40]. Consequently, 2W+AM is a symmetric PSD
matrix. |

On the basis of Theorem 1, we can guarantee that the
optimization in (17) w.r.t y is a traditional QP with linear
constraints. Therefore, it can be conveniently handled by the
existing optimization packages.

Algorithm 1 presents an outline of solving (10) by the
proposed algorithm, where we adopt the zero-filling method
to initially impute the missing elements of {K,(,O) }Z‘: | and uti-
lize obj® to represent the objective value at the ¢-th iteration.
Besides, the neighbors of each sample remain unvaried during
the optimization procedure in LI-MKKM-MR. In specific, we
calculate the r-nearest neighbors of each sample by K, .
In this way, the optimization target of LI-MKKM-MR is
guaranteed to be reduced in a monotonic manner when we
update one variable and keep the others unchanged itera-
tively. Simultaneously, the objective is lower bounded by zero.
Hence, it is guaranteed that LI-MKKM-MR converges into a
local optimal solution. Experimental results have demonstrated
that our method usually converges quickly.

The end of this part analyzes the computational complexity
of our method. In specific, the computational complexity of LI-
MKKM-MR is O(n3 + 221:1 n?, +m3) at each iteration, where
ny (np < n) and m refer to the number of observed samples of
K, and base kernels. The complexity of LI-MKKM-MR can
be compared to that of MKKM-IK [34] and LI-MKKM [35].
Moreover, each sample of K, is independent so that they can

400

401

402

403

404

405

406

407

408

409

410

411

412

413

414

415

416

417

418

419

420

421

422

423

424

425

426

427

428

429

430

431

432

433

434

435

436

437

438

439



440

441

442

443

444

445

446

447

448

449

450

451

452

453

454

455

456

457

458

459

460

4

2

462

463

464

46!

a

46

=3

46

%

46

®

N
@
©

471

o

47

472

47

(&}

474

47!

o

476

477

478

479

480

481

be measured in a parallel manner. By this means, our LI-
MKKM-MR can scale well regardless of the variation of the
base kernels number.

C. Theoretical Results

The generalization error of the k-means clustering algorithm
has been widely discussed in the existing literature [36], [41],
and [42]. We first establish the theoretical connection between
the existing MKKM-IK [36] with LI-MKKM-MR, and fur-
ther derive the generalization error bound of LI-MKKM-MR
based on the theoretical results in [36]. The following theorem
(Theorem 2) points out that the local kernel alignment adopted
in our LI-MKKM-MR can be achieved by normalizing each
base kernel matrix.

Theorem 2: The local kernel alignment criterion in (8) is
equivalent to the widely adopted global kernel alignment by
normalizing each base kernel matrix.

Proof: The objective function in (8) can be written as

n
O _ AOEHTA®
;Tr(Ky(A’ APHHTA"))
- i(A“) @Ky A” @ (1- HHT)>F

|

|
M=

(A @K,.1-HHT)
: F

/\

i=1

n
2< <Z A(i)> K, I—- HHT>
i=1 F

ACRE HHT>F

n
ZA(i)> ®K,,I- HHT>
IFl

= 11

p=1

(i (1 )

where ® denotes elementwise multiplication between two
matrices, K, = Q- 1 AD) ® K, can be treated as a nor-
malized K, and K, = Zp lypK Consequently, by such
normalization being applied on each base kernel, we can
clearly see that the local kernel alignment criterion in (8) is
exactly the global kernel alignment in [36]. This completes
the proof. |
Let #(x?) = 1 if the pth view of x is available; oth-
erwise, X should be optimized. It is worth pointing out
that t(x(p)) is a random variable that depends on x. Let
[Cl, .. Ck] be the k centroids and y be the kernel
welghts learned by LI-MKKM-MR. k-means clustering should

make the reconstruction error small

N 2
E i - —C
[, i Jes0 - &[] |

where ¢; (x) = [P11(xD)p] (xD), ..., Pt (x™)gp,) (xH] T,
ey, ..., e, form the orthogonal bases of Rk,
We first define a function class

F = { iXb>  min ||¢y(x) Cy”H‘yTlm =1,y,>0,

(18)

19)

.....

IEEE TRANSACTIONS ON CYBERNETICS

C e #Hh e, 7 x”) < b, vp Vi e X}482

(20)uss

where HX represents the multiple kernel Hilbert space and
K(-,-) is a kernel function corresponding to KP.
Based on Theorem 2, we derive the generalization error
bound of the proposed LI-MKKM-MR by following [36].
Theorem 3: For any § > 0, with probability at least 1 — g,
the following holds for all f € F:

4y/ambGin(y, 1)
n

+ 4\/7Tmbg2n(7» t)

n

1 n
E[f] = =3 fex)+

i=1
/87 bik? log 1/8
4 YBTOE oy logl/
Jn 2n

2

where
B n m
Gin@. ) 2By [ sup Y Y yipgt )y | (22)
RE=yy=
Gon(y. 1) =E, supZZZywpyp (x) (23)
Vi) o= 1 p=1
and yipquicpai € {17~”7n}ap7q € {1,...,m},c€ {la’k}

are i.i.d. Gaussian random variables with zero mean and unit
standard deviation.

According to the analyses in [36], our local kernel alignment
criterion in (8), with normalized base kernel matrices, is an
upper bound of 1/n Yo f(xi). As a result, by minimizing
Tr(K, (I, — HH")), one can obtain a small 1/nY " f(x;)
for good generalization. This justifies the good generalization
ability of the LI-MKKM-MR. The detailed proof has been
presented in the supplementary material.

IV. EXPERIMENTS
A. Experimental Settings

In our experiments, we adopt ten widely used MKL bench-
mark datasets to verify the proposed algorithms, including
Oxford Flowerl7 and Flower102,! Caltech102,> Digital,3
Protein Fold Prediction,* and Reuters.’ The information of
them is shown in Table II. The kernel matrices of these datasets
are precomputed and can be directly obtained from the afore-
mentioned link. Caltech102-5 refers to the number of samples
belonging to each cluster is 5, and the same for the rest
datasets. The publicly access codes for kernel k-means and
MKKM can be found in the website.

Several well-known and widely used imputation methods,
such as zero filling (ZF), mean filling (MF), KNN, and
alignment-maximization filling (AF) are contained in [30].
After that, researchers take the imputed kernel matrices as
the input of classical MKKM. The kind of two-stage methods
are called MKKM + ZF, MKKM + MF, MKKM + KNN,

1 http://www.robots.ox.ac.uk/"+vgg/data/flowers/
2http://ﬁles.is.tue.mpg.de/p,g,’ehler/projects/iccv09/
3http://ss.sysu.edu.(:n/~-i-py/
4http://mkl.ucsd.edu/dataset/protein-fold-prediction/
5 http://kdd.ics.uci.edu/databases/reuters21578/
6https:// github.com/mehmetgonen/Imkkmeans/
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Fig. 1. Clustering ACC, NMI, and purity comparison with the variation of missing ratios on Flower17 and Flower102 datasets. (a) ACC with missing ratios
on Flowerl7. (b) NMI with missing ratios on Flowerl7. (c) Purity with missing ratios on Flowerl7. (d) ACC with missing ratios on Flower102. (¢) NMI

with missing ratios on Flower102. (f) Purity with missing ratios on Flower102.

TABLE I

DATASETS SUMMARY

Dataset #Samples | #Views | #Classes
Flowerl7 1360 7 17
Flower102 8189 4 102
Caltech102-5 510 48 102
Caltech102-10 1020 48 102
Caltech102-15 1530 48 102
Caltech102-20 2040 48 102
Caltech102-25 2550 48 102
Caltech102-30 3060 48 102
Digital 2000 3 10
ProteinFold 694 12 27
Reuters 18758 5 6

s23 and MKKM + AF, respectively. Also, the newly proposed
s22 MKKM-IK [34], LI-MKKM [35], MVEC [43], and CG-
IMVC [44] are also incorporated as strong baselines. The
algorithms in [31], [32], and [45] are not incorporated into
our experimental comparison since that these algorithms only
consider the missing of input features, rather than the rows or
columns of base kernel matrices in our case.

In the experiment, ¢ is used to denote the percentage of
incomplete samples. Intuitively, the clustering performance
will become less accurate when the value of ¢ is increas-
ing. In our simulation, we set ¢ as [0.1 : 0.1 : 0.9] on
all the ten datasets. The performance metrics in this sim-
ulation include the clustering accuracy (ACC), normalized
mutual information (NMI), and purity. For each method, we
present the best result among 50 trials, where each trial started
sss from a random initialization state. As a result, the effect
s3 of randomness caused by k-means could be alleviated. We
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529

530

531

532

533

534

535

536

537

generate “incomplete” patterns randomly for ten times and
report the statistical results. For all datasets, the quantity
of clusters is given and set as the ground truth of classes.
The generation of the missing vectors {sp};”=1 follows the
approach in [34]: 1) randomly select round(e * n) samples
with the rounding function round(-); 2) generate a random

vector V.= (Vi, ..., Vi, .-y Vi),

vi € [0,1] and a scalar

vo, vo € [0, 1] for each selected sample; 3) if v, > vy, it
presents the pth view for this sample; and 4) if there is no
Vp > Vo, generate a new v. Note that there is no requirement
on complete view for each sample. In this instance, the index
vector s, is obtained to list the samples with the presentation

on the pth view.

B. Experimental Results

Experiments on  Flowerl7 and Flowerl02: Three

performance metrics, including:

1) the ACC; 2) NMI

and 3) purity, of the testing algorithms with the variation
of missing ratios in [0.1,...,0.9] on the Flowerl7 and
Flower102 datasets have been demonstrated in Fig. 1. We

have the following observations.

1) The newly proposed MKKM-IK [36] (in green)
has shown promising performance improvements
on the ACC, NMI, and purity compared to the
previous two-stage imputation methods. For exam-
ple, the MKKM + AF outperforms MKKM-IK by
0.1%, 0.6%, 2.5%, 2.8%, 4.1%, 4.7%, 6.0%, 8.5%, and
8.2% in terms of clustering accuracy on Flowerl7,
which clearly demonstrates the benefit of the joint
optimization on imputation and clustering.
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TABLE III
AGGREGATED ACC, NMI, AND PURITY COMPARISON (MEAN =+ STD) OF DIFFERENT KINDS OF
CLUSTERING ALGORITHMS ON FLOWER17 AND FLOWER102 DATASETS

IEEE TRANSACTIONS ON CYBERNETICS

Datasets MKKM MKKM-IK | LLMKKM | MVEC | CGIMVC | LIMKKM-MR
e +ZF | _+MF +KNN [ +AF [31] [37] [36] [45] [46] Proposed
ACC
Flowerl7 | 36.0£0.8 | 36.8£0.6 | 37.8£0.6 | 40.5£0.7 | 44.6£0.6 | 45.0£0.4 | 24.9£0.4 | 37.1£0.7 | 56.6£0.3
Flowerl02 | 18.0£0.2 | 18.0£0.2 | 182+£0.1 | 192£0.1 | 21.1£0.2 | 23.1£0.1 = 19.7£03 | 305+03
NMI
Flowerl7 | 37.3£0.4 | 37.3£0.5 | 38.2£0.5 | 40.1£0.4 | 43.7£0.3 | 46.4£02 | 20.7£0.4 | 365£0.7 | 535+£0.2
Flower102 | 374£0.1 | 374£0.1 | 37.8+0.1 | 384%£0.1 | 39.6£0.1 | 41.8£0.1 = 258+£03 | 475£0.1
Purity
Flowerl7 | 38.4£0.6 | 38.3£0.6 | 39.3£0.6 | 420£0.6 | 45.9£0.5 | 48.0£0.4 | 25704 | 40.1£0.7 | 57.3+£0.2
Flowerl02 | 225 +0.1 | 22.4£0.1 | 228+0.1 | 23.7£0.2 | 258+0.2 | 28.1£0.1 - 220+£03 | 358£0.3

2) Also, LI-MKKM outperforms MKKM-IK by 8.4%,
4.4%, 5.8%, 3.1%,2.6%,2.6%,1.2%, 0.2%, and 2.2%
on Flowerl7. This result clearly verifies that the utiliz-
ing data’s local structure further boosts the clustering

The aggregated ACC, NMI, and purity, and the stan-
dard deviation on Caltech 102 datasets are reported in
Table IV. Similarly, in comparison to the MKKM + ZF,
MKKM + MF, MKKM + KNN, MKKM + AF, and

performance. MKKM-IK, our method still achieves much better cluster-
3) Furthermore, our proposed LI-MKKM-MR (in red) ing performance. For instance, the proposed LI-MKKM-MR
significantly outperforms the LI-MKKM in all obtains 2.1%, 2.1%, 2.8%, 2.4%, 2.7%, and 2.4% higher clus-
cases from Fig. 1(a)—(f) in the aspect of clus- tering accuracy than LI-MKKM. In addition, LI-MKKM-
tering performance. For example, LI-MKKM-MR MR achieves comparable clustering performance with the

further outperforms LI-MKKM by 8.5%, 11.2%,
9.7%, 10.1%, 9.4%, 9.2%, 8.2%, 7.7%, and 3.6%. This
result indicates the effectiveness of incorporating the
matrix-induced regularization.

4) In addition, our newly proposed method demonstrates
stronger advantage when compared to previous ones,
especially under low missing ratios. It is notable that
in Fig. 1(a), when the missing ratio is extremely low
(e = 0.1), LI-MKKM-MR improves the second-best
algorithm (LI-MKKM) by 8.5% in terms of clustering
accuracy on Flowerl7.

In Table III, the aggregated ACC, NMI, purity, and the
standard deviation are reported, where we show the highest
performance one in bold. Similarly, the results also illus-
trate that MKKM + ZF, MKKM + MF, MKKM + KNN,
MKKM + AF, and MKKM-IK are outperformed by the
proposed algorithm. Specifically, the second-best one (LI-
MKKM) is exceeded by the proposed LI-MKKM-MR by 7%.

Experiments on the Caltechl02 Dataset: Fig. 2 presents
ACC, NMI, and purity of all the testing algorithms over vari-
ational missing ratios on the Caltech102 datasets. We find
out that the recently proposed MKKM-IK [36] (in green)
achieves a comparable clustering performance with a represen-
tative two-stage imputation method MKKM + AF, while the
proposed LI-MKKM outperforms MKKM-IK with significant
improvements on all the performance criterions, details can
be found in Fig. 2(a)-(i). More precisely, LI-MKKM obtains
6.4%,5.0%, 5.1%,4.7%, 4.6%, 4.5%, 3.8%, 3.2%, and 2.6%
higher clustering accuracy than MKKM-IK when the miss-
ing ratios vary from 0.1 to 0.9 on Caltech102-30. This also
illustrates that the well utilization of the local structure of data
assures performance improvement. Furthermore, by taking into
account the correlation among base kernels, LI-MKKM-MR
further improves the clustering performance over the baseline
LI-MKKM.

newly proposed CG-IMVC [44] in terms of ACC and
purity on Caltech102. However, LI-MKKM-MR significantly
outperforms CG-IMVC in terms of NMI. The results on
Caltech102-5, Caltech102-10, and Caltech102-15 are provided
in the supplementary material due to space limitation, whose
results demonstrate the same conclusion as well.

Experiments on the UCI-Digital Dataset: In this simulation,
we apply all the testing methods on the UCI-Digital dataset,
which is widely utilized in MKC as a benchmark. For each
kind of missing ratio, we generate “incomplete patterns” ten
times and report their averaged results.

The ACC, NMI, and purity of all the testing meth-
ods over variational missing ratios are presented in Fig. 3.
It is clear that the Ilatest proposed MKKM-IK pro-
vides unsatisfactory results on UCI-Digital, which is even
worse than MKKM+KNN. However, LI-MKKM significantly
outperforms the second-best one (MKKM 4 KNN) by
22.2%, 21.9%, 20.6%, 19.5%, 17.9%, 17.9%, 20.4%, 23.8%,
and 23.2% on accuracy. In addition, the proposed LI-MKKM-
MR further consistently improves the clustering performance
of LI-MKKM. The aggregated clustering results in Table V
also denote the same performance.

Experiments on the Protein Fold Prediction Dataset: In
this experiment, the protein fold dataset is applied to eval-
uate the testing methods, and we report all results in Fig. 4
and Table VI. Also, we can find that our LI-MKKM-MR also
achieves much better results than the rest algorithms on ACC,
NMI, and purity on the dataset.

Experiments on the Reuters Dataset: The clustering
performance in terms of ACC, NMI, and purity with the vari-
ation of missing ratios on Reuters is plotted in Fig. 5. As
seen, our proposed algorithm once again demonstrates signif-
icant superiority over the compared ones. We also report the
aggregated ACC, NMI, and purity in Table VII, which also
verify the effectiveness of the proposed LI-MKKM-MR. The
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Clustering ACC, NMI, and purity comparison with the variation of missing ratios on Caltech102-20, Caltech102-25, and Caltech102-30. (a) ACC

with missing ratios on Caltech102-20. (b) NMI with missing ratios on Caltech102-20. (c) Purity with missing ratios on Caltech102-20. (d) ACC with missing
ratios on Caltech102-25. (e) NMI with missing ratios on Caltech102-25. (f) Purity with missing ratios on Caltech102-25. g) ACC with missing ratios on
Caltech102-30. (h) NMI with missing ratios on Caltech102-30. (i) Purity with missing ratios on Caltech102-30.

TABLE IV

TOTAL ACC, NMI, AND PURITY COMPARISON (MEAN =+ STD) OF VARIOUS CLUSTERING ALGORITHMS ON CALTECH102.
ON ACCOUNT OF OUT OF MEMORY, THE CLUSTERING RESULTS OF MVEC [43] ON CALTECH102-15,
CALTECH102-20, CALTECH102-25, AND CALTECH102-30 ARE NOT REPORTED

[ MKKM MKKM-IK | LIMKKM | MVEC | CGIMVC | LIMKKM-MR
[ +ZF [ +MF [ +KNN | +AF [31] | [37] \ [36] \ [45] \ [46] \ Proposed
ACC
Call02-5 | 26.1£0.3 | 25.74+0.3 | 27.3+£0.3 | 29.0£0.3 | 289+0.3 | 31.4+0.3 | 26.8+0.2 | 33.84+0.2 34.0+0.3
Call02-10 | 19.7+0.2 | 19.7+0.2 | 21.5+£0.2 | 22.6+0.2 | 22.7+0.2 | 27.3+£0.2 | 22.44+0.1 | 28.9+0.2 289+0.3
Call02-15 | 17.1£0.2 | 17.1+0.2 | 189+0.1 | 20.3+0.2 | 20.8+0.2 | 25.1+£0.2 — 27.3+0.1 27.0+0.4
Cal102-20 | 15.7+0.1 | 15.7+0.2 | 17.3+£0.2 | 1894+0.2 | 19.5+0.1 | 24.1+0.2 — 25.8+0.2 26.3 +0.2
Call02-25 | 14.7+0.2 | 146+0.1 | 16.2+0.1 | 17.74+0.2 | 183 +0.2 | 23.3+0.2 — 24.6 +0.2 25.5 +0.2
Call02-30 | 14.24+0.1 | 1414+0.1 | 15.5+0.2 | 17.1+0.2 | 178 £0.2 | 22.2+0.1 — 23.5+0.1 24.6 £0.1
NMI
Call02-5 | 64.3+£0.2 | 63.9+0.1 | 65.9+0.2 | 66.6+0.1 | 66.5+0.2 | 67.1+£0.2 | 65.6+0.1 | 52.9+0.4 68.6 £ 0.2
Call02-10 | 53.6 £0.1 | 53.7+0.1 | 55.2+0.1 | 55.7+0.2 | 55.8 £0.1 | 58.7+0.1 | 55.1+0.1 | 40.4+0.5 59.2+0.3
Call02-15 | 47.4+0.1 | 474+0.1 | 48.8+0.1 | 49.7+0.1 | 50.1 £0.1 | 53.6 £0.1 — 37.0+0.3 54.6 £ 0.2
Call02-20 | 43.14+0.1 | 43.14+0.2 | 4454+0.1 | 45.6+0.2 | 46.0£0.1 | 50.4+0.1 — 34.44+0.3 51.8+0.1
Call02-25 | 40.0+0.1 | 39.94+0.1 | 41.54+0.1 | 425+0.2 | 43.0+£0.2 | 47.7+0.2 — 32.94+0.3 49.4+0.1
Call02-30 | 37.8 £0.1 | 37.7+0.1 | 39.2+0.1 | 40.3+0.1 | 409+0.1 | 45.6 £0.1 — 31.34+0.2 474+0.1
Purity
Call02-5 | 26.7+04 | 26.44+0.3 | 27.9+0.3 | 29.8+0.3 | 29.6+0.3 | 326+0.3 | 27.3+0.2 | 35.9+0.2 35.5+0.3
Call02-10 | 21.04+0.2 | 21.0+0.2 | 2294+0.2 | 24.0+0.3 | 242+0.2 | 29.0+0.2 | 23.34+0.1 | 31.7+0.2 30.8+0.3
Call02-15 | 1854+0.2 | 1854+0.2 | 2044+0.2 | 21.6+0.2 | 22.2+0.2 | 26.7+0.2 — 30.2+0.1 28.84+0.3
Call02-20 | 17.14+0.1 | 17.04+0.2 | 1884+0.2 | 20.2+0.2 | 209+0.1 | 25.8+0.2 — 29.0+0.2 28.14+0.2
Call02-25 | 16.0+0.2 | 16.0+0.2 | 17.74+0.2 | 19.1+0.2 | 19.7+£0.1 | 25.24+0.2 — 284+0.1 27.6+0.2
Call02-30 | 15.44+0.1 | 1544+0.1 | 170+0.1 | 184+0.2 | 19.1+0.2 | 24.0+0.1 — 27.3+0.1 26.5+0.1

es7 results of MVEC [43] and CG-IMVC [44] on Reuters are not

ess reported due to out of memory.

659
ee0 advantages.

In short, we summarize that our algorithm has three

1) Joint Optimization Based on Imputation and Clustering:

First, the process of imputation is guided by the clus-

tering results, which makes the imputation more direct

to the final goal. Second, refining the clustering results

661

662

663

664



665

666

667

668

669

670

671

672

673

674

675

676

677

IEEE TRANSACTIONS ON CYBERNETICS

UCI DIGIT UCI DIGIT UCI DIGIT
) 0
09, M 09,
TR I 0% ¢ REERLRE S I
e Tk il S
[ R e R U S G S
R i < T N Ao gazE o MKKVKT R e s S ¢
Q " FA-MKKMAZE g MKKM - = ,, &~ MKKMNMF _FIT:WKM*. 207 KKMEZE e L MKKN™= .
O  -®-MKKM+MF MVE - = 081 MKKMsKNN MVEC g T— S - ®-MKKM:MF WEG | W -
oo o G z -»-CG-IMVC & o[~ MKKM+KNN
=-MKKM+KNN . _ s i e o5 2~ MKKM+AF L KR | MKKMiAE P -CG-MVC
MKKM+AF " Ooekveme | gessgseedeeeede iR LL o S B A - ;
DI e S | e S v G Qi SELMRIR |
‘T o — S 04l = *':::‘;:_-:_—::._._‘, — - ___._::::*:::
04 '--==.,=:=..‘, """ R B gt ® Nw=::1l'
[ N o0sp 2 [ _—
0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9
missing ratio missing ratio missing ratio
Fig. 3. Clustering ACC, NMI, and purity comparison with the variation of missing ratios on the UCI-digital dataset.
TABLE V
ToTtAL ACC, NMI, AND PURITY COMPARISON (MEAN + STD) OF VARIOUS CLUSTERING ALGORITHMS ON UCI-DIGITAL
MKKM MKKM-IK | LI-MKKM MVEC CG-IMVC LI-MKKM-MR
+ZF [ +MF [ +KNN [ +AF [3]1] [37] [36] [45] [46] Proposed
ACC
4274+04 [ 431£03 [ 71.3+1.0 [ 479+05 [ 480+04 [ 829+£03 [ 350+ 08 [ 733+1.1 [ 921+0.3
NMI
41.84+02 [ 40.0£0.2 [ 63.3+£0.5 [ 47.0+02 [ 46.9+0.2 [ 734£03 [ 31.3+1.1 [ 733£09 [ 84.8+04
Purity
446+05 [ 434£03 [ 71.4+£0.7 [ 504+0.3 [ 50.8+04 [ 829+03 [ 37.8+08 [ 76.3+1.0 [ 921+0.3
Protein Fold Protein Fold Protein Fold
. T A UKKM+ZF 0 T A KKMZF T T-A-MKKMZF
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O 0.22 " . 'Y
< o == MKKM-IK 025 s~ MKKMEIK ’ T . - 3
L - S~ 7 3
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Fig. 4. Clustering ACC, NMI, and purity comparison with the variation of missing ratios on the protein Fold Prediction dataset.

TABLE VI

ToTAL ACC, NMI, AND PURITY COMPARISON (MEAN = STD) OF VARIOUS CLUSTERING ALGORITHMS ON THE PROTEIN FOLD DATASET

MKKM MKKM-IK | LI-MKKM MVEC CG-IMVC | LI-MKKM-MR

+ZF ] +MF [ +KNN [ +AF [31] [37] [36] [45] [46] Proposed
20.8£0.2 [ 20.5£0.3 [ 21.1£0.5 [ 21.0£0.2 | 23.2:A|:(E)(.:6 [245+£05 [ 171+£02 [ 232£03 [ 265+0.2
29.3£0.4 [ 29.5+£0.5 [ 30.5+04 [ 295+0.3 [ 32.3 :II\:H\(/)H6 [335+£03]223+02 [ 175+06 [ 34.6+0.2
27.2£04 [ 272£04 [ 27.9+0.5 [ 275+ 04 | 29.8[:)|1:]r(1)t.}; [ 30.8+04 [ 218402 ]252+05 ] 31.9+0.3

can benefits from this meaningful imputation. These two
learning processes work well together, thus leading to
the clustering performance improvement. In contrast,
MKKM + MF, MKKM + KNNMKKM + ZF, and
MKKM + AF algorithms do not fully make use of
the connection between the imputation and clustering
procedures. This may produce imputation, which does

performance.

not well serve the subsequent clustering as originally

expected, affecting the clustering performance.

Considerably Utilizing Data’s Local Structure: Our local
kernel alignment criterion is flexible and it makes
the prespecified kernels aligned for better clustering

2)

performance.

3) Well Considering the Correlation of Incomplete Base
Kernels: The incorporated matrix-induced regularization
reduces the high redundancy and enforces low diver-
sity among the selected kernels, making the prespecified
kernels be well utilized.

These factors have led to significant improvements in cluster

C. Reconstruction Error Comparison of LI-MKKM-MR

In this section, we evaluate the reconstruction errors of
the LI-MKKM-MR with the aforementioned algorithms on all
benchmark datasets. To do this, we calculate the reconstruction

error between the ground-truth kernels and the imputed ones
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Clustering ACC, NMI, and purity comparison with the variation of missing ratios on Reuters.

TABLE VII

AGGREGATED ACC, NMI, AND PURITY COMPARISON (MEAN =+ STD) OF VARIOUS CLUSTERING ALGORITHMS ON REUTERS

MKKM MKKM-IK | LI-MKKM | LI-MKKM-MR
+ZF +MF [ +KNN [ +AF [31] [37] [36] Proposed
ACC

476+00 [ 449+02 [ 46.8+£0.2 [ 471+01 [ 474+04 [ 456.0£07 | 51.2+1.0 |
NMI

241+£0.1 [ 206+£0.1 [ 240+03 [ 2414£01 [ 246+03 [ 25.7+03 [ 28.7+0.1 |
Purity

51.3£0.0 [ 494+£0.0 [ 51.5+0.2 [ 51.24+02 [ 51.84+0.1 | 51.7+0.1 [ 54.8+0.0 |
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Fig. 6. Reconstruction error comparison of the compared algorithms with the variation of missing ratios on benchmark datasets.

via Y0 Ky (sp. 5p) —Kp(sp. 5,) |, where K, and K, denote  D. Parameter Sensitivity of LI-MKKM-MR

the ground-truth and the imputed one, and s, denotes the miss- In this part, we analyze that relationship between the cluster-
ing indices of the pth view. The results under various missing ing performance and matrix-induced regularization. Referring
ratios are shown in Fig. 6. As observed, the kernels imputed by ¢, (10), LI-MKKM-MR induces the ratio of the nearest
our algorithm align with the ground-truth kernels are compara- neighbors 7 and regularization parameter A. In the follow-
ble or slightly better when compared to those obtained by the ing, we conduct another experiment to show the variation of
existing imputation algorithms. Note that our ultimate goal in  performance among different T and A on the Flowerl7 dataset.
this work is clustering, while imputation is only a by-product. Fig. 7(a) and (b) shows the ACC and NMI of our algorithm
How to impute the missing views which not only achieves bet- by varying 7 in a huge range [0.02 : 0.02 : 0.2] with A =279,
ter clustering performance but also produces better imputation ~ From these figures, we can find that: 1) ACC fluctuates with
result is worth further exploring.

the monotonically increasing of T and 2) the start points of the
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Fig. 7. Sensitivity of the proposed LI-MKKM-MR with the variation of A and 7. (a) ACC with variation of v on Flower17. (b) NMI with variation of v on

Flowerl7. (c) ACC with variation of A on Flowerl7. (d) NMI with variation of A on Flowerl7.
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Fig. 8. Proposed algorithm convergence illustration.

712 ACC curves are typically higher than the end points, which
s induces that when the matrix-induced regularization term is
4 dominated at ending points while the local kernel alignment
maximization is dominated at starting points. These obser-
vations verify the successful joint preservation of the local
structure of data and the matrix-induced regularization term
s in our algorithm. Similarly, Fig. 7(c) and 7(d) presents the
s ACC and NMI of our algorithms by tuning A from 2= to 2
with T = 0.1. In this scenario, our algorithm also shows stable
721 performance over variational A.

As aforementioned, we conclude that compared to only
723 preserving global kernel alignment, such as MKKM-IK
in [36], our proposed algorithms are more essential to the
s clustering performance by preserving the local structure of
data. Meanwhile, the clustering performance could be further
; improved by incorporating the correlation among base kernels.
By appropriately integrating these two factors, it is possible
to obtain the best clustering performance. Practically, there
exists a tradeoff between the preservation of the local geo-
metric structure and the correlation of base kernels to ensure
the best clustering.
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732

E. Convergence of LI-MKKM-MR

According to [46], the convergence of our proposed algo-
735 rithm is guaranteed. We present one simulation trail of the
736 proposed LI-MKKM-MR on the Flower 17 dataset as an exam-
737 ple in 8. It is clearly shown that the objective value of the
738 proposed algorithm is monotonically decreased and converges
73 in a few iteration.

733

734

V. CONCLUSION

Though the newly proposed LI-MKKM is able to tackle
72 the task of MKC with incomplete kernels, it takes the

740

41

correlation among base kernels into account insufficiently.
We proposed to calculate the kernel alignment to address
this issue together with matrix-induced regularization in a
local manner. The proposed algorithm efficiently solves the
resultant optimization problem, and extensive experiments on
benchmarks have demonstrated that LI-MKKM-MR consis-
tently outperforms state-of-the-art baseline algorithms. In the
future, we will design efficient and effective algorithms to
solve the optimization problem directly without approximating
M in (9).
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Localized Incomplete Multiple Kernel k-Means
With Matrix-Induced Regularization

Miaomiao Li®, Jingyuan Xia®, Huiying Xu, Qing Liao®, Member, IEEE, Xinzhong Zhu®, Member, IEEE,
and Xinwang Liu®, Senior Member, IEEE

1 Abstract—Localized incomplete multiple kernel k-means (LI-
2 MKKM) is recently put forward to boost the clustering accuracy
3 via optimally utilizing a quantity of prespecified incomplete base
4+ kernel matrices. Despite achieving significant achievement in a
s variety of applications, we find out that LI-MKKM does not
¢ sufficiently consider the diversity and the complementary of
7 the base kernels. This could make the imputation of incom-
s plete kernels less effective, and vice versa degrades on the
9 subsequent clustering. To tackle these problems, an improved LI-
10 MKKM, called LI-MKKM with matrix-induced regularization
11 (LI-MKKM-MR), is proposed by incorporating a matrix-induced
12 regularization term to handle the correlation among base kernels.
13 The incorporated regularization term is beneficial to decrease
14 the probability of simultaneously selecting two similar kernels
15 and increase the probability of selecting two kernels with mod-
s erate differences. After that, we establish a three-step iterative
17 algorithm to solve the corresponding optimization objective and
s analyze its convergence. Moreover, we theoretically show that
9 the local kernel alignment is a special case of its global one with
20 normalizing each base kernel matrices. Based on the above obser-
21 vation, the generalization error bound of the proposed algorithm
> is derived to theoretically justify its effectiveness. Finally, exten-
23 sive experiments on several public datasets have been conducted
24 to evaluate the clustering performance of the LI-MKKM-MR.
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As indicated, the experimental results have demonstrated that
our algorithm consistently outperforms the state-of-the-art ones,
verifying the superior performance of the proposed algorithm.

Index Terms—Incomplete kernel learning, multiple kernel
clustering (MKC), multiple view learning.

I. INTRODUCTION

ULTIPLE kernel clustering (MKC) [1]-[8] sufficiently

integrates a number of precalculated base kernel matri-
ces to group samples into clusters, where similar samples
are in the same cluster while dissimilar ones are partitioned
into different ones. MKC has attracted much attention of
the data mining researchers and has been widely studied in
recent years [9]-[17]. The seminal work in [9] extends the
multiple kernel learning from supervised learning to unsuper-
vised learning and proposes a margin-based MKC algorithm.
It jointly optimizes the optimal kernel, the maximum mar-
gin hyperplane, and the optimal clustering labels. The widely
used kernel k-means method has been extended in [18] for
clustering analysis, where an optimal kernel is learned from
multiple data sources. Similarly, the work in [12] extends
the existing multiple kernel k-means (MKKM) algorithm by
designing a localized MKKM one in order to well utilize
the characteristics of each individual sample. To enhance the
robustness of the existing MKKM algorithms to noisy data,
Du et al. [13] proposed a robust MKKM algorithm by substi-
tuting the widely adopted squared error in the existing k-means
with an €3 1-norm one, and simultaneously optimized the best
combination of kernels. To increase the diversity and decrease
the redundancy of the selected base kernels, the recent work
in [14] extends the existing MKKM algorithms by designing a
matrix-induced regularization term to sufficiently explore the
correlation among the prespecified base kernels. More recently,
an optimal neighborhood kernel clustering (ONKC) algorithm
is proposed in [19], where the representability of the optimal
kernel to learn is largely boosted and the negotiation between
kernel learning and clustering is also reinforced. The afore-
mentioned MKC algorithms have been applied into many cases
and reached a superior performance [15], [20]-[23].

As observed, these MKC algorithms share a common
assumption: all the prespecified base kernels are com-
plete. Nevertheless, in some real-world applications, such as
image fusion [24], image retrieval [25], and document/video
analysis [26], some views of a sample are usually not
collected due to various reasons [27], [28]. To address

2168-2267 © 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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this issue, the work in the literature proposes to first
impute the missing elements in base kernel matrices with
imputation methods and then performs the existing MKC
on these imputed kernels. Several commonly used filling
methods include zero-filling, mean value filling, k-nearest-
neighbor filling (KNN), expectation-maximization (EM) fill-
ing [29], as well as several recently proposed to matrix
imputation [30]-[33].

One disadvantage existing in the aforementioned “two-
stage” algorithms is that the imputation is separated from the
subsequent clustering. As a result, this may not be conducive
to mutual negotiation between the imputation and clustering to
reach the best performance. To overcome the above issue, the
more recent literature [34]-[36] advocates to unify the learn-
ing procedure of imputation and clustering into a common
framework, with the aim to learn an optimal imputation that
best severe for the clustering tasks.

Although demonstrating superior clustering results in sev-
eral practical applications, we find that these works do not
sufficiently consider the redundancy and diversity among
prespecified kernel matrices when performing incomplete
MKC. This could lead to high redundancy and low diver-
sity among the selected kernels [14], making the utilization
ratio of these base kernel matrices insufficient and con-
versely decreasing the accuracy of clustering tasks. In our
work, a localized incomplete MKKM with matrix-induced
regularization (LI-MKKM-MR) is proposed to address the
above-mentioned issue. By incorporating matrix-induced reg-
ularization, LI-MKKM-MR is able to avoid selecting two
similar kernel matrices simultaneously and increase the prob-
ability of selecting two kernel matrices with large diversity,
making the base kernels better utilized for clustering. In addi-
tion, it inherits the advantage of localized incomplete multiple
kernel k-means (LI-MKKM) which only requires that the
similarity of each sample to its top k-nearest neighbors be
optimally aligned with the corresponding patch of the entire
ideal similarity. This is helpful for LI-MKKM-MR to pay
more attention on closer pairwise sample similarities that shall
be put together, and prevents involving unreliable similarity
evaluation for farther sample pairs. Furthermore, a three-step
iterative optimization algorithm is designed to solve the corre-
sponding optimization objective and its convergence has also
been analyzed. After that, the generalization error bound of the
clustering algorithm is derived, which theoretically guarantees
its effectiveness. Comprehensive experiments on several pub-
lic datasets have been conducted to evaluate the clustering
performance of the proposed LI-MKKM-MR. As demon-
strated, LI-MKKM-MR significantly and consistently outper-
forms the existing two-step-based algorithms and the newly
proposed algorithm [36]. Extensive experimental results have
demonstrated the superiority of involving the matrix-induced
regularization.

To summarize, this work makes the following major
contributions.

1) This is the first attempt to identify the kernel redun-

dancy problem in incomplete MKC. We then introduce
a new algorithm to improve LI-MKKM by integrating
matrix-induced regularization to select low-redundant
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and high-diverse kernel matrices and carefully establish
three-step iterative algorithm to solve the corresponding
optimization objective.

We build the theoretical connection between global and
local kernel alignment criteria, then we further derive the
generalization error bound of the proposed LI-MKKM-
MR, which theoretically justifies its effectiveness.
Comprehensive experiments on ten public datasets have
demonstrated that our LI-MKKM-MR achieves the
state-of-the-art performance compared with the exist-
ing advanced algorithms. This considerably verifies our
identification of the aforementioned issue and the effec-
tiveness of our solution.

Finally, we clarify the differences between LI-MKKM-MR
and several recently proposed related work [14], [35]. The
differences between LI-MKKM [35] and LI-MKKM-MR can
be summarized from the following three aspects.

1) LI-MKKM [35] does not sufficiently consider the diver-
sity and the complementarity of these incomplete base
kernels. This could make the imputation of incomplete
kernels less effective, and incur the adverse effect on
the subsequent clustering. Differently, LI-MKKM-MR
is proposed by incorporating matrix-induced regulariza-
tion, which is helpful to reduce the probability of simul-
taneously selecting two similar kernels and increase the
probability of selecting two kernels with moderate dif-
ferences, making the base kernels better utilized for
clustering.

Compared to LI-MKKM [35], LI-MKKM-MR pro-
vides the generalization error analysis, which measures
the clustering performance of the learned clusters in
the training procedure on unseen samples. This the-
oretically justifies the effectiveness of the proposed
LI-MKKM-MR.

As observed from the experimental results in Section IV,
LI-MKKM-MR significantly improves the clustering
performance of LI-MKKM [35] in various benchmark
datasets, which well validates our identification of the
aforementioned issue in LI-MKKM and the effectiveness
of our solution.

We then summarize the differences between [14] and our
work from the following aspects. In [14], matrix-induced
regularization is proposed to solve the kernel redundancy
in MKC. However, it cannot effectively solve MKC with
incomplete kernels. Differently, the proposed LI-MKKM-MR
makes the first attempt to identify the kernel redundancy
problem in incomplete MKC, proposes an effective solu-
tion, and conducts comprehensive experiments to validate
our identification of this issue and the superiority of our
algorithm.

2)

3)

2)

3)

II. RELATED WORK

In this part, we mainly introduce the methods of MKKM
clustering, MKKM with incomplete kernels (MKKM-IK), and
its localized variant. Before introducing these algorithms, we
present all notations which will be used in the following in
Table L.
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TABLE I
NOTATIONS SUMMARY

{xi} n training samples
number of clusters
T ratio of the nearest neighbors
~ =17, ym] T kernel weights
Kp(+s+) the p-th kernel function
op(+) feature mapping corresponding to xp (-, -)
o~ (+) feature mapping corresponding to K~ (-, -)
{Kptpts m base kernel matrices
ep observed sample indices of K,
H partition matrix
Kédd) sub-matrix of K, for observed samples
U ¢ {0,1}nxround(nr) neighborhood indication matrix of x;
correlation matrix among m base kernels
C= [Cl, cee ,Ck] the learned k centroids

183 A. Multiple Kernel k-Means

e Let {x;}}_; € A be n training samples, and ¢p(-) : x € X'
185 FHp, X are mapped onto a reproducing kernel Hilbert space
16 Hp (1 < p < m) by the pth feature. Each sample in MKC
17 1S represented by ¢, (X) = [qubir(x), e, ym¢;nr(x)]T, where
w8 ¥ = [Y1,...,¥m] represents the weights of m prespecified
189 base kernel functions {«,(-, ~)}Z’=1. These kernel weights will
190 be adaptively adjusted during MKC. Under the aforementioned
191 definition of ¢, (x), the corresponding kernel function can be
192 expressed as follows:

m
ey (%0 %) = by DGy () =Y vpip(xix;). (1)
p=1
194 One can calculate a kernel matrix K, on training samples
s {x;};_, with the kernel function defined in (1). As a result, the
s objective of MKKM with K,, is formulated as

1

©

1

©

- min Tr(Ky (In — HHT))
H.y
108 st HH=I;, y'1,=1, >0 ¥ 2)

19 where H € R™** is a soft version of the cluster assignment
200 matrix, and Iy is a k x k identity matrix. Alternately updating
200 H and y can optimize (2).

202 Optimizing H With Fixed y: With y fixed, the optimization
203 in (2) toward H is exactly the traditional kernel k-means
204 presented in

205 max Tr(HTK,,H) st HeR™ HH=I. (3

206 The optimal H in (3) consists of k eigenvectors correspond-
207 ing to the top-k eigenvalues of K, [37].

208 Optimizing y With Fixed H: With H fixed, the equivalent
200 form of optimization in (2) with regard to p is as follows:

m
210 II}’in ;ypzTr(KpOn — HHT)) s.t. yTlm =1L »=0 4

211 Which has a closed-form solution.

B. MKKM With Incomplete Kernels

MKKM has recently been extended to handle incomplete
MKC in [34] and [36]. Previous algorithms first manage to
impute the incomplete kernel matrices and then apply the
existing MKKM on the imputed kernel matrices. In con-
trast, they propose to unify the learning process of imputation
and clustering into a common learning framework and estab-
lish an effective optimization algorithm to optimize each of
them alternately. In MKKM-IK, the clustering procedure pro-
vides a guidance for the imputation of the incomplete base
kernel matrices, and the clustering is further enhanced by the
imputed kernels. Both procedures are alternated performed
until achieving optimal results. The above idea can be achieved
as follows:

min ~ Tr(K, (@, ~ HH"))
H, y, {Kp}zlzl

st. HER™K HTH =1,
Yy lu=17y>0
K,(ep.€) =K\ K, =0 Vp (5

where e, (1 < p < m) denotes the sample indices, the p-th
view is observed, and K,(,dd) denotes the kernel submatrix. Note
that we impose the constraint K, (e, e,) = K},dd) to make
the known entries of K, kept unchanged during the learning
course. The imputation of incomplete kernels can be regarded
as a by-product of learning, because the ultimate goal of (5)
is clustering.

A trilevel optimization strategy developed in [34] develops
to solve (5) alternately.

Optimizing H With y and {Kp};’:] Fixed: Given y and
(K, }[’f’: |» the optimization in (5) with respect to H is equivalent
to a kernel k-means problem solved by (3).

Optimizing {K, ;": ; With y and H Fixed: Given y and H,
(5) toward each K,, is equivalently reformulated as follows:

: _ T
myin Tr(Kp(In HH ))
st. Ky(ep.e,) =K K, = 0. (6)

It is proven in [34] that the optimal K,, in (6) has the closed-
form solution as in (7), shown at the bottom of the page, where
Z =1, — HH' and taking the elements of Z corresponding
to the observed and unobserved sample indices can construct
Z@™ For more details, refer to [34].

Optimizing y With H and {K, Z': ; Fixed: Given H and
{Kp}l””:l, (5) with respect to y reduces to a quadratic pro-
gramming (QP) with linear constraints.

C. Localized Incomplete MKKM

Although it is ingenious to unify clustering and imputation
into one learning process, which is achieved by globally max-
imizing the alignment between the optimal kernel matrix K,

K(dd)
K, = P
P |:_(Z(mm))lz(dm)TKl(7dd) (Z(mm))flZ(dm)TKl()dd)Z(dm) (Z(mm))fl

_K;?dd)z(dm) (Z(mm))—l ] )
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and the ideal matrix HH', as presented in (2). This crite-
rion does not take full advantage of the local distribution of
data, and requires that all paired samples, whether closer or
farther, should be consistent with the ideal similarity without
distinction.

Instead of calculating the alignment between the optimal
kernel and the idea matrix in a global manner as in (5),
localized incomplete MKKM (LI-MKKM) [35] is proposed
to utilize the local structure among data by only requiring
the similarity of each sample to align with its nearest neigh-
bors. Specifically, the objective function of LI-MKKM is as
follows:

n
min Tr(K (A("> — A<">HHTA<">))
Y, {K[,};)"=I,H lgl: Y

st. HER™ H'H=I, y " 1,=1, 3, >0

K,(ep.e,) =K\ K, =0 Vp (8)

where A® = UOUO " with UD ¢ {0, 1)#xroundmo) (1 < j <
n) denoting the neighborhood index matrix of the ith sample.
UJ(-L) = 1 represents that x; is the vth nearest neighbor of x;,
where 1 < v <round(n x t) and 7t is the ratio of the nearest
neighbors.

Similar to [34], the work in [35] develops a tristep
optimization algorithm to solve (8) and theoretically proves

its convergence. Refer to [35] for more details.

III. LOCALIZED INCOMPLETE MULTIPLE KERNEL
k-MEANS WITH MATRIX-INDUCED REGULARIZATION

263 A. Formulation
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Although aligning the optimal kernel with the ideal similar-
ity locally can improve the clustering performance, LI-MKKM
dose not explicitly take the correlation among base kernels
into account. This would prevent these incomplete base ker-
nels from being well utilized. To overcome this problem, we
propose an improved algorithm based on LI-MKKM via intro-
ducing matrix-induced regularization y "My to decrease the
redundancy and enhance the diversity of the selected base ker-
nels, where M), measures the correlation between K, and
K,. By integrating this regularization into (8), the following
objective is obtained:

min
v (Kl H
st. HeR™ H'H=1,
yTlm =1, 9%5>0
K,(ey. ¢,) =K\ K, =0 Vp

n
3 Tr(Ky AD — A“)HHTA(’))) + 57 ™My
i=1

€))

where A is a hyper-parameter to balance the regularization on
kernel weights and the loss of local kernel k-means.

In this work, we adopt M, = Tr(K,K,) to measure the cor-
relation between K, and K. On one hand, the incorporation of
¥ "My is helpful for well utilizing the base kernels, which is
utilized to boost the clustering performance. On the other hand,
it makes the resultant optimization more challenging since the
optimization on each K, is a quadratic semi-defined program-
ming, whose computational cost is intensive and this prevents

IEEE TRANSACTIONS ON CYBERNETICS

it from being applied to practical applications. To reduce the
computation overhead of (9), we propose to approximate Mp,,
by My, = Tr(KY’KY”) and keep it unchanged during the
learning course, where K},O) is an initial imputation of K. By
substituting M with M, the objective function of the proposed
LI-MKKM-MR can be expressed as follows:

min
v KLy
st. HeR™K H'H =1,
y Ly=1 120
K,(e,.€)) =K, K, >0 Vp.

n
. . . A ~
LD Tr(K,, (A(’) — A(’)HHTA(’)» + 3y My
i=1

(10)

It is reasonable to measure the correlation of pairwise ker-
nels via observed similarity. Consequently, the approximation
M can be regarded as a prior of M. Also, although this
approximation is simple, its advantages are three-folds. First,
it fulfills our requirement on the kernel coefficients to enhance
the diversity and decrease the redundancy. Second, it simplifies
the optimization on {K,,};’le, making it admit a closed-form
solution. This significantly increases the computational cost.
Third, the effectiveness of the proposed approximation can be
demonstrated by experiments.

Although the matrix-induced regularization may be
exploited in other related aspects, such as MKC [14], this
is the first work in literature to study the regularization on
incomplete MKC and design a reasonable approximation for
the convenience of computation. Moreover, this would trigger
more research on incomplete MKC, such as designing more
informative M, updating M with learned kernel weights and
the imputation at each iteration, to name just a few. More
importantly, our experimental study shows that the incorpo-
ration of matrix-induced regularization helps to utilize the
incomplete kernels, leading to significantly improvement on
clustering performance. This makes the proposed algorithm a
good choice in real-world applications, such as cancer biol-
ogy [12], analysis of multiple heterogeneous neuroimaging
data [38], and Alzheimer’s disease diagnosis [39]. In the fol-
lowing, we develop a tristep optimization strategy to solve it
alternately in the following parts.

B. Alternate Optimization of LI-MKKM-MR

Optimizing H With y and {K, Z':] Fixed: Given y
and {K,,}Z‘zl, the optimization objective w.r.t H in (10)

redefines to

n
max Tr(H' (A(i)K A(i))H
st. HeR™ H'TH=1, (11)
which is transformed into a classical kernel k-means-based
optimization objective and can be conveniently tackled by the
existing public toolkit.

Optimizing (K, lej With y and H Fixed: Given y and
H, the optimization objective w.r.t {Kp};’f:1 in (10) can be
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formulated as

m n
3 (i, (a0 avman)
p=1

i=1

min
m
{Kp }p:l

st. Ky(ep.e) =K K, =0 Vp. (12)

It is difficult to solve the optimization problem in (12) since
there are multiple kernel matrices to be optimized simultane-
ously. By cautiously analyzing the optimization, we observe
that: 1) each kernel matrix K, has its own separate constraint
and 2) the objective in (12) is a sum generated by calculating
K,. As a result, (12) can be reformulated as m uncorrelated
subobjectives equivalently, as shown in the following:

min Tr(K,Q)
K,

st Ky(ep. ) =K, K, = 0 (13)

where Q = Y7 (AD — AOVHHTA®).

It seems that directly solving (13) is difficult because
of the equality and PSD constraints imposed on K,. By
following [35], we parameterize each K, as:

K K7
K, = [ZT§<dd> ZT%(dd); (14)
p P 'p TP P

where Z,, € R d and m refer to the number of observed
samples and unobserved ones, respectively. With (14), we
assume that the observed ones represent the missing kernel
entries. It is shown in [35] that K, in (14) automatically
satisfies both constraints after this parametrization.
Based on the parametrization in (14), the constrained
Kl(,dd)Zp Q(dd)

optimization in (13) is equivalent to
Qdm
Z[;F K[gdd) Zp Q(dm)T Q(mm) (15)

K@
min Tr P
Ty (dd)
Z, (|:Zp K,
where Q is decomposed into the following submatrices
Q(dd) Q(dm)
(l(dm)T Q(mm) .
To minimize (15), we take its derivative with respect to Zj,
and let it vanish, leading to

Zp — _Q(dm) (Q(mm)) -1 )

As a result, we obtain an analytical solution for the optimal
K,, by substituting Z, in (16) into (14). As seen, (13) provides
a guidance for the imputation of each base kernel by explor-
ing the data structure in a local manner. Specifically, it locally
estimates the alignment between the similarity of each sam-
ple and its t-nearest neighbors with the corresponding ideal
matrix. This enables the proposed algorithm to better utilize
the intracluster variations among samples. Therefore, the clus-
tering performance could be improved, mainly attributing to
an effective incomplete kernels imputation measure.

Optimizing y With {KP}Z’: ; and H Fixed: Given {Kp}p’":1
and H, it is easy to present that (10) w.r.t. ¥ is as follows:

(16)

1 ~
min EyT<2W + AM)y
4

st. y' 1, =1,%>0 (17)

Algorithm 1 Proposed LI-MKKM-MR
Input: {K;fd)};;l, e} k.7, % and €.
Output: H, y and {Kp}[’le.
Initialize @ = 1,,/m, {(K;"}"_ and 1 = 1.
Generate U® for i-th samples (1 <i <n) by Ky(m.
Calculate AV = U(")U(")—r for i-th samples (1 <i <n).
repeat s
(1) (r=1)

K,o = Z,T:l (Vp ) K, .

Update H? by solving Eq. (11) with K,,¢).

Update {Kj'}»| with H® by Eq. (13).
Update y ® by solving Eq. (17) with H® and {K;,t) bt
t=t+1.
: until (obj“~" — 0bj?)/0bj? < €

D AR AN R

_ = =
N2

where W = diag([Tr(K;Q), ..., Tr(K,,;Q)]). Theorem 1 in
the following indicates that W is PSD.

Theorem 1: The Hessian matrix 2W + AM in (17) is a
symmetric PSD matrix.

Proof: By defining H = [hy, ..., hi], we can find out that
HH'h, = h.(1 < ¢ < k) since H'H = I . This indicates
that HH' has k eigenvalue with 1. Besides, its rank does
not exceed k. This means that its has n — k eigenvalue with
0.1, — HH' contains n — k eigenvalue with 1 and k eigen-
value with 0. Consequently, A® {1, —HHT)A(i) is PSD, which
ensures that Q = Y7 (A® — AOHHTA®) is PSD. As a
result, we have w, = Tr(K,Q) > 0 Vp, guaranteeing the posi-
tiveness of W. Meanwhile, W is also a symmetric PSD matrix
according to [40]. Consequently, 2W+AM is a symmetric PSD
matrix. |

On the basis of Theorem 1, we can guarantee that the
optimization in (17) w.r.t y is a traditional QP with linear
constraints. Therefore, it can be conveniently handled by the
existing optimization packages.

Algorithm 1 presents an outline of solving (10) by the
proposed algorithm, where we adopt the zero-filling method
to initially impute the missing elements of {K,(,O) }Z‘: | and uti-
lize obj® to represent the objective value at the ¢-th iteration.
Besides, the neighbors of each sample remain unvaried during
the optimization procedure in LI-MKKM-MR. In specific, we
calculate the r-nearest neighbors of each sample by K, .
In this way, the optimization target of LI-MKKM-MR is
guaranteed to be reduced in a monotonic manner when we
update one variable and keep the others unchanged itera-
tively. Simultaneously, the objective is lower bounded by zero.
Hence, it is guaranteed that LI-MKKM-MR converges into a
local optimal solution. Experimental results have demonstrated
that our method usually converges quickly.

The end of this part analyzes the computational complexity
of our method. In specific, the computational complexity of LI-
MKKM-MR is O(n3 + 221:1 n?, +m3) at each iteration, where
ny (np < n) and m refer to the number of observed samples of
K, and base kernels. The complexity of LI-MKKM-MR can
be compared to that of MKKM-IK [34] and LI-MKKM [35].
Moreover, each sample of K, is independent so that they can
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be measured in a parallel manner. By this means, our LI-
MKKM-MR can scale well regardless of the variation of the
base kernels number.

C. Theoretical Results

The generalization error of the k-means clustering algorithm
has been widely discussed in the existing literature [36], [41],
and [42]. We first establish the theoretical connection between
the existing MKKM-IK [36] with LI-MKKM-MR, and fur-
ther derive the generalization error bound of LI-MKKM-MR
based on the theoretical results in [36]. The following theorem
(Theorem 2) points out that the local kernel alignment adopted
in our LI-MKKM-MR can be achieved by normalizing each
base kernel matrix.

Theorem 2: The local kernel alignment criterion in (8) is
equivalent to the widely adopted global kernel alignment by
normalizing each base kernel matrix.

Proof: The objective function in (8) can be written as

n
O _ AOEHTA®
;Tr(Ky(A’ APHHTA"))
- i(A“) @Ky A” @ (1- HHT)>F

|

|
M=

(A @K,.1-HHT)
: F

/\

i=1

n
2< <Z A(i)> K, I—- HHT>
i=1 F

ACRE HHT>F

n
ZA(i)> ®K,,I- HHT>
IFl

= 11

p=1

(i (1 )

where ® denotes elementwise multiplication between two
matrices, K, = Q- 1 AD) ® K, can be treated as a nor-
malized K, and K, = Zp lypK Consequently, by such
normalization being applied on each base kernel, we can
clearly see that the local kernel alignment criterion in (8) is
exactly the global kernel alignment in [36]. This completes
the proof. |
Let #(x?) = 1 if the pth view of x is available; oth-
erwise, X should be optimized. It is worth pointing out
that t(x(p)) is a random variable that depends on x. Let
[Cl, .. Ck] be the k centroids and y be the kernel
welghts learned by LI-MKKM-MR. k-means clustering should

make the reconstruction error small

N 2
E i - —C
[, i Jes0 - &[] |

where ¢; (x) = [P11(xD)p] (xD), ..., Pt (x™)gp,) (xH] T,
ey, ..., e, form the orthogonal bases of Rk,
We first define a function class

F = { iXb>  min ||¢y(x) Cy”H‘yTlm =1,y,>0,

(18)

19)

.....
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C e #Hh e, 7 x”) < b, vp Vi e X}482

(20)uss

where HX represents the multiple kernel Hilbert space and
K(-,-) is a kernel function corresponding to KP.
Based on Theorem 2, we derive the generalization error
bound of the proposed LI-MKKM-MR by following [36].
Theorem 3: For any § > 0, with probability at least 1 — g,
the following holds for all f € F:

4y/ambGin(y, 1)
n

+ 4\/7Tmbg2n(7» t)

n

1 n
E[f] = =3 fex)+

i=1
/87 bik? log 1/8
4 YBTOE oy logl/
Jn 2n

2

where
B n m
Gin@. ) 2By [ sup Y Y yipgt )y | (22)
RE=yy=
Gon(y. 1) =E, supZZZywpyp (x) (23)
Vi) o= 1 p=1
and yipquicpai € {17~”7n}ap7q € {1,...,m},c€ {la’k}

are i.i.d. Gaussian random variables with zero mean and unit
standard deviation.

According to the analyses in [36], our local kernel alignment
criterion in (8), with normalized base kernel matrices, is an
upper bound of 1/n Yo f(xi). As a result, by minimizing
Tr(K, (I, — HH")), one can obtain a small 1/nY " f(x;)
for good generalization. This justifies the good generalization
ability of the LI-MKKM-MR. The detailed proof has been
presented in the supplementary material.

IV. EXPERIMENTS
A. Experimental Settings

In our experiments, we adopt ten widely used MKL bench-
mark datasets to verify the proposed algorithms, including
Oxford Flowerl7 and Flower102,! Caltech102,> Digital,3
Protein Fold Prediction,* and Reuters.’ The information of
them is shown in Table II. The kernel matrices of these datasets
are precomputed and can be directly obtained from the afore-
mentioned link. Caltech102-5 refers to the number of samples
belonging to each cluster is 5, and the same for the rest
datasets. The publicly access codes for kernel k-means and
MKKM can be found in the website.

Several well-known and widely used imputation methods,
such as zero filling (ZF), mean filling (MF), KNN, and
alignment-maximization filling (AF) are contained in [30].
After that, researchers take the imputed kernel matrices as
the input of classical MKKM. The kind of two-stage methods
are called MKKM + ZF, MKKM + MF, MKKM + KNN,

1 http://www.robots.ox.ac.uk/"+vgg/data/flowers/
2http://ﬁles.is.tue.mpg.de/p,g,’ehler/projects/iccv09/
3http://ss.sysu.edu.(:n/~-i-py/
4http://mkl.ucsd.edu/dataset/protein-fold-prediction/
5 http://kdd.ics.uci.edu/databases/reuters21578/
6https:// github.com/mehmetgonen/Imkkmeans/
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Fig. 1. Clustering ACC, NMI, and purity comparison with the variation of missing ratios on Flower17 and Flower102 datasets. (a) ACC with missing ratios

on Flowerl7. (b) NMI with missing ratios on Flowerl7. (c) Purity with missing ratios on Flowerl7. (d) ACC with missing ratios on Flower102. (¢) NMI

with missing ratios on Flower102. (f) Purity with missing ratios on Flower102.

TABLE II
DATASETS SUMMARY

Dataset #Samples | #Views | #Classes
Flowerl7 1360 7 17
Flower102 8189 4 102
Caltech102-5 510 48 102
Caltech102-10 1020 48 102
Caltech102-15 1530 48 102
Caltech102-20 2040 48 102
Caltech102-25 2550 48 102
Caltech102-30 3060 48 102
Digital 2000 3 10
ProteinFold 694 12 27
Reuters 18758 5 6

s23 and MKKM + AF, respectively. Also, the newly proposed
s22 MKKM-IK [34], LI-MKKM [35], MVEC [43], and CG-
IMVC [44] are also incorporated as strong baselines. The
algorithms in [31], [32], and [45] are not incorporated into
our experimental comparison since that these algorithms only
consider the missing of input features, rather than the rows or
columns of base kernel matrices in our case.

In the experiment, ¢ is used to denote the percentage of
incomplete samples. Intuitively, the clustering performance
will become less accurate when the value of ¢ is increas-
ing. In our simulation, we set ¢ as [0.1 : 0.1 : 0.9] on
all the ten datasets. The performance metrics in this sim-
ulation include the clustering accuracy (ACC), normalized
mutual information (NMI), and purity. For each method, we
se7 present the best result among 50 trials, where each trial started
sss from a random initialization state. As a result, the effect
s3 of randomness caused by k-means could be alleviated. We

525

526

527

528

529

530

531

532

533

534

535

536

generate “incomplete” patterns randomly for ten times and
report the statistical results. For all datasets, the quantity
of clusters is given and set as the ground truth of classes.
The generation of the missing vectors {SI’}ZLI follows the
approach in [34]: 1) randomly select round(e * n) samples
with the rounding function round(-); 2) generate a random
vector v Wi, s Viy oo V), Vi € [0,1] and a scalar
vo, vo € [0, 1] for each selected sample; 3) if v, > v, it
presents the pth view for this sample; and 4) if there is no
Vp > Vo, generate a new v. Note that there is no requirement
on complete view for each sample. In this instance, the index
vector s, is obtained to list the samples with the presentation
on the pth view.

B. Experimental Results

Experiments on  Flowerl7 and Flowerl02: Three
performance metrics, including: 1) the ACC; 2) NMI;
and 3) purity, of the testing algorithms with the variation
of missing ratios in [0.1,...,0.9] on the Flowerl7 and
Flower102 datasets have been demonstrated in Fig. 1. We
have the following observations.

1) The newly proposed MKKM-IK [36] (in green)
has shown promising performance improvements
on the ACC, NMI, and purity compared to the
previous two-stage imputation methods. For exam-
ple, the MKKM + AF outperforms MKKM-IK by
0.1%, 0.6%, 2.5%, 2.8%, 4.1%, 4.7%, 6.0%, 8.5%, and
8.2% in terms of clustering accuracy on Flowerl7,
which clearly demonstrates the benefit of the joint
optimization on imputation and clustering.
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TABLE III
AGGREGATED ACC, NMI, AND PURITY COMPARISON (MEAN =+ STD) OF DIFFERENT KINDS OF
CLUSTERING ALGORITHMS ON FLOWER17 AND FLOWER102 DATASETS

IEEE TRANSACTIONS ON CYBERNETICS

Datasets MKKM MKKM-IK | LLMKKM | MVEC | CGIMVC | LIMKKM-MR
e +ZF | _+MF +KNN [ +AF [31] [37] [36] [45] [46] Proposed
ACC
Flowerl7 | 36.0£0.8 | 36.8£0.6 | 37.8£0.6 | 40.5£0.7 | 44.6£0.6 | 45.0£0.4 | 24.9£0.4 | 37.1£0.7 | 56.6£0.3
Flowerl02 | 18.0£0.2 | 18.0£0.2 | 182+£0.1 | 192£0.1 | 21.1£0.2 | 23.1£0.1 = 19.7£03 | 305+03
NMI
Flowerl7 | 37.3£0.4 | 37.3£0.5 | 38.2£0.5 | 40.1£0.4 | 43.7£0.3 | 46.4£02 | 20.7£0.4 | 365£0.7 | 535+£0.2
Flower102 | 374£0.1 | 374£0.1 | 37.8+0.1 | 384%£0.1 | 39.6£0.1 | 41.8£0.1 = 258+£03 | 475£0.1
Purity
Flowerl7 | 38.4£0.6 | 38.3£0.6 | 39.3£0.6 | 420£0.6 | 45.9£0.5 | 48.0£0.4 | 25704 | 40.1£0.7 | 57.3+£0.2
Flowerl02 | 225 +0.1 | 22.4£0.1 | 228+0.1 | 23.7£0.2 | 258+0.2 | 28.1£0.1 - 220+£03 | 358£0.3

2) Also, LI-MKKM outperforms MKKM-IK by 8.4%,
4.4%, 5.8%, 3.1%,2.6%,2.6%,1.2%, 0.2%, and 2.2%
on Flowerl7. This result clearly verifies that the utiliz-
ing data’s local structure further boosts the clustering

The aggregated ACC, NMI, and purity, and the stan-
dard deviation on Caltech 102 datasets are reported in
Table IV. Similarly, in comparison to the MKKM + ZF,
MKKM + MF, MKKM + KNN, MKKM + AF, and

performance. MKKM-IK, our method still achieves much better cluster-
3) Furthermore, our proposed LI-MKKM-MR (in red) ing performance. For instance, the proposed LI-MKKM-MR
significantly outperforms the LI-MKKM in all obtains 2.1%, 2.1%, 2.8%, 2.4%, 2.7%, and 2.4% higher clus-
cases from Fig. 1(a)—(f) in the aspect of clus- tering accuracy than LI-MKKM. In addition, LI-MKKM-
tering performance. For example, LI-MKKM-MR MR achieves comparable clustering performance with the

further outperforms LI-MKKM by 8.5%, 11.2%,
9.7%, 10.1%, 9.4%, 9.2%, 8.2%, 7.7%, and 3.6%. This
result indicates the effectiveness of incorporating the
matrix-induced regularization.

4) In addition, our newly proposed method demonstrates
stronger advantage when compared to previous ones,
especially under low missing ratios. It is notable that
in Fig. 1(a), when the missing ratio is extremely low
(e = 0.1), LI-MKKM-MR improves the second-best
algorithm (LI-MKKM) by 8.5% in terms of clustering
accuracy on Flowerl7.

In Table III, the aggregated ACC, NMI, purity, and the
standard deviation are reported, where we show the highest
performance one in bold. Similarly, the results also illus-
trate that MKKM + ZF, MKKM + MF, MKKM + KNN,
MKKM + AF, and MKKM-IK are outperformed by the
proposed algorithm. Specifically, the second-best one (LI-
MKKM) is exceeded by the proposed LI-MKKM-MR by 7%.

Experiments on the Caltechl02 Dataset: Fig. 2 presents
ACC, NMI, and purity of all the testing algorithms over vari-
ational missing ratios on the Caltech102 datasets. We find
out that the recently proposed MKKM-IK [36] (in green)
achieves a comparable clustering performance with a represen-
tative two-stage imputation method MKKM + AF, while the
proposed LI-MKKM outperforms MKKM-IK with significant
improvements on all the performance criterions, details can
be found in Fig. 2(a)-(i). More precisely, LI-MKKM obtains
6.4%,5.0%, 5.1%,4.7%, 4.6%, 4.5%, 3.8%, 3.2%, and 2.6%
higher clustering accuracy than MKKM-IK when the miss-
ing ratios vary from 0.1 to 0.9 on Caltech102-30. This also
illustrates that the well utilization of the local structure of data
assures performance improvement. Furthermore, by taking into
account the correlation among base kernels, LI-MKKM-MR
further improves the clustering performance over the baseline
LI-MKKM.

newly proposed CG-IMVC [44] in terms of ACC and
purity on Caltech102. However, LI-MKKM-MR significantly
outperforms CG-IMVC in terms of NMI. The results on
Caltech102-5, Caltech102-10, and Caltech102-15 are provided
in the supplementary material due to space limitation, whose
results demonstrate the same conclusion as well.

Experiments on the UCI-Digital Dataset: In this simulation,
we apply all the testing methods on the UCI-Digital dataset,
which is widely utilized in MKC as a benchmark. For each
kind of missing ratio, we generate “incomplete patterns” ten
times and report their averaged results.

The ACC, NMI, and purity of all the testing meth-
ods over variational missing ratios are presented in Fig. 3.
It is clear that the Ilatest proposed MKKM-IK pro-
vides unsatisfactory results on UCI-Digital, which is even
worse than MKKM+KNN. However, LI-MKKM significantly
outperforms the second-best one (MKKM 4 KNN) by
22.2%, 21.9%, 20.6%, 19.5%, 17.9%, 17.9%, 20.4%, 23.8%,
and 23.2% on accuracy. In addition, the proposed LI-MKKM-
MR further consistently improves the clustering performance
of LI-MKKM. The aggregated clustering results in Table V
also denote the same performance.

Experiments on the Protein Fold Prediction Dataset: In
this experiment, the protein fold dataset is applied to eval-
uate the testing methods, and we report all results in Fig. 4
and Table VI. Also, we can find that our LI-MKKM-MR also
achieves much better results than the rest algorithms on ACC,
NMI, and purity on the dataset.

Experiments on the Reuters Dataset: The clustering
performance in terms of ACC, NMI, and purity with the vari-
ation of missing ratios on Reuters is plotted in Fig. 5. As
seen, our proposed algorithm once again demonstrates signif-
icant superiority over the compared ones. We also report the
aggregated ACC, NMI, and purity in Table VII, which also
verify the effectiveness of the proposed LI-MKKM-MR. The
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Clustering ACC, NMI, and purity comparison with the variation of missing ratios on Caltech102-20, Caltech102-25, and Caltech102-30. (a) ACC

with missing ratios on Caltech102-20. (b) NMI with missing ratios on Caltech102-20. (c) Purity with missing ratios on Caltech102-20. (d) ACC with missing
ratios on Caltech102-25. (e) NMI with missing ratios on Caltech102-25. (f) Purity with missing ratios on Caltech102-25. g) ACC with missing ratios on
Caltech102-30. (h) NMI with missing ratios on Caltech102-30. (i) Purity with missing ratios on Caltech102-30.

TABLE IV

ToTAL ACC, NMI, AND PURITY COMPARISON (MEAN + STD) OF VARIOUS CLUSTERING ALGORITHMS ON CALTECH102.
ON ACCOUNT OF OUT OF MEMORY, THE CLUSTERING RESULTS OF MVEC [43] ON CALTECH102-15,
CALTECH102-20, CALTECH102-25, AND CALTECH102-30 ARE NOT REPORTED

{ MKKM MKKM-IK | LIMKKM | MVEC | CGIMVC | LIMKKM-MR
[ +ZF [ +MF [ +KNN [ +AF[31] | [37] [ [36] [ [45] | [46] [ Proposed
ACC
Call02-5 | 26.1£0.3 | 25.74+0.3 | 27.3+£0.3 | 29.0£0.3 | 289+0.3 | 31.4+0.3 | 26.8+0.2 | 33.84+0.2 34.0+0.3
Call02-10 | 19.7+0.2 | 19.7+0.2 | 21.5+£0.2 | 22.6+0.2 | 22.7+0.2 | 27.3+£0.2 | 22.44+0.1 | 28.9+0.2 289+0.3
Call02-15 | 17.1£0.2 | 17.1+0.2 | 189+0.1 | 20.3+0.2 | 20.8+0.2 | 25.1+£0.2 — 27.3+0.1 27.0+0.4
Cal102-20 | 15.7+0.1 | 15.7+0.2 | 17.3+£0.2 | 1894+0.2 | 19.5+0.1 | 24.1+0.2 — 25.8+0.2 26.3 +0.2
Call02-25 | 14.7+0.2 | 146+0.1 | 16.2+0.1 | 17.74+0.2 | 183 +0.2 | 23.3+0.2 — 24.6 +0.2 25.5 +0.2
Call02-30 | 14.24+0.1 | 1414+0.1 | 15.5+0.2 | 17.1+0.2 | 178 £0.2 | 22.2+0.1 — 23.5+0.1 24.6 £0.1
NMI
Call02-5 | 64.3+£0.2 | 63.9+0.1 | 65.9+0.2 | 66.6+0.1 | 66.5+0.2 | 67.1+£0.2 | 65.6+0.1 | 52.9+0.4 68.6 £ 0.2
Call02-10 | 53.6 £0.1 | 53.7+0.1 | 55.2+0.1 | 55.7+0.2 | 55.8 £0.1 | 58.7+0.1 | 55.1+0.1 | 40.4+0.5 59.2+0.3
Call02-15 | 47.4+0.1 | 474+0.1 | 48.8+0.1 | 49.7+0.1 | 50.1 £0.1 | 53.6 £0.1 — 37.0+0.3 54.6 £ 0.2
Call02-20 | 43.14+0.1 | 43.14+0.2 | 4454+0.1 | 45.6+0.2 | 46.0£0.1 | 50.4+0.1 — 34.44+0.3 51.8+0.1
Call02-25 | 40.0+0.1 | 39.94+0.1 | 41.54+0.1 | 425+0.2 | 43.0+£0.2 | 47.7+0.2 — 32.94+0.3 49.4+0.1
Call02-30 | 37.8 £0.1 | 37.7+0.1 | 39.2+0.1 | 40.3+0.1 | 409+0.1 | 45.6 £0.1 — 31.34+0.2 474+0.1
Purity
Call02-5 | 26.7+04 | 26.44+0.3 | 27.9+0.3 | 29.8+0.3 | 29.6+0.3 | 326+0.3 | 27.3+0.2 | 35.9+0.2 35.5+0.3
Call02-10 | 21.04+0.2 | 21.0+0.2 | 2294+0.2 | 24.0+0.3 | 242+0.2 | 29.0+0.2 | 23.34+0.1 | 31.7+0.2 30.8+0.3
Call02-15 | 1854+0.2 | 1854+0.2 | 2044+0.2 | 21.6+0.2 | 22.2+0.2 | 26.7+0.2 — 30.2+0.1 28.8+0.3
Call02-20 | 17.14+0.1 | 17.04+0.2 | 1884+0.2 | 20.2+0.2 | 209+0.1 | 25.8+0.2 — 29.0£0.2 28.1+0.2
Call02-25 | 16.0+0.2 | 16.0+0.2 | 17.74+0.2 | 19.1+0.2 | 19.7+£0.1 | 25.24+0.2 — 284+0.1 27.6+0.2
Call02-30 | 15.44+0.1 | 1544+0.1 | 170+0.1 | 184+0.2 | 19.1+0.2 | 24.0+0.1 — 27.3+0.1 26.5+0.1

es7 results of MVEC [43] and CG-IMVC [44] on Reuters are not

ess reported due to out of memory.

659
ee0 advantages.

In short, we summarize that our algorithm has three

1) Joint Optimization Based on Imputation and Clustering:

First, the process of imputation is guided by the clus-

tering results, which makes the imputation more direct

to the final goal. Second, refining the clustering results
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Clustering ACC, NMI, and purity comparison with the variation of missing ratios on the UCI-digital dataset.

ToTtAL ACC, NMI, AND PURITY COMPARISON (MEAN + STD) OF VARIOUS CLUSTERING ALGORITHMS ON UCI-DIGITAL

MKKM MKKM-IK | LI-MKKM MVEC CG-IMVC LI-MKKM-MR
+ZF [ +MF [ +KNN [ +AF [3]1] [37] [36] [45] [46] Proposed
ACC
4274+04 [ 431£03 [ 71.3+1.0 [ 479+05 [ 480+04 [ 829+£03 [ 350+ 08 [ 733+1.1 [ 921+0.3
NMI
41.84+02 [ 40.0£0.2 [ 63.3+£0.5 [ 47.0+02 [ 46.9+0.2 [ 734£03 [ 31.3+1.1 [ 733£09 [ 84.8+04
Purity
446+05 [ 434£03 [ 71.4+£0.7 [ 504+0.3 [ 50.8+04 [ 829+03 [ 37.8+08 [ 76.3+1.0 [ 921+0.3
Protein Fold Protein Fold Protein Fold
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Fig. 4. Clustering ACC, NMI, and purity comparison with the variation of missing ratios on the protein Fold Prediction dataset.

TABLE VI

ToTAL ACC, NMI, AND PURITY COMPARISON (MEAN = STD) OF VARIOUS CLUSTERING ALGORITHMS ON THE PROTEIN FOLD DATASET

MKKM MKKM-IK | LI-MKKM MVEC CG-IMVC | LI-MKKM-MR

+ZF ] +MF [ +KNN [ +AF [31] [37] [36] [45] [46] Proposed
20.8£0.2 [ 20.5£0.3 [ 21.1£0.5 [ 21.0£0.2 | 23.2:A|:(E)(.:6 [245+£05 [ 171+£02 [ 232£03 [ 265+0.2
29.3£0.4 [ 29.5+£0.5 [ 30.5+04 [ 295+0.3 [ 32.3 :II\:H\(/)H6 [335+£03]223+02 [ 175+06 [ 34.6+0.2
27.2£04 [ 272£04 [ 27.9+0.5 [ 275+ 04 | 29.8[:)|1:]r(1)t.}; [ 30.8+04 [ 218402 ]252+05 ] 31.9+0.3

can benefits from this meaningful imputation. These two
learning processes work well together, thus leading to
the clustering performance improvement. In contrast,
MKKM + MF, MKKM + KNNMKKM + ZF, and
MKKM + AF algorithms do not fully make use of
the connection between the imputation and clustering
procedures. This may produce imputation, which does

performance.

not well serve the subsequent clustering as originally

expected, affecting the clustering performance.

2) Considerably Utilizing Data’s Local Structure: Our local
kernel alignment criterion is flexible and it makes
the prespecified kernels aligned for better clustering

performance.

3) Well Considering the Correlation of Incomplete Base
Kernels: The incorporated matrix-induced regularization
reduces the high redundancy and enforces low diver-
sity among the selected kernels, making the prespecified
kernels be well utilized.

These factors have led to significant improvements in cluster

C. Reconstruction Error Comparison of LI-MKKM-MR

In this section, we evaluate the reconstruction errors of
the LI-MKKM-MR with the aforementioned algorithms on all
benchmark datasets. To do this, we calculate the reconstruction
error between the ground-truth kernels and the imputed ones
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Fig. 5. Clustering ACC, NMI, and purity comparison with the variation of missing ratios on Reuters.

TABLE VII
AGGREGATED ACC, NMI, AND PURITY COMPARISON (MEAN =+ STD) OF VARIOUS CLUSTERING ALGORITHMS ON REUTERS

MKKM MKKM-IK | LI-MKKM | LI-MKKM-MR
+ZF +MF [ +KNN [ +AF [31] [37] [36] Proposed
ACC

476+00 [ 449+02 [ 46.8+£0.2 [ 471+01 [ 474+04 [ 456.0£07 | 51.2+1.0 |
NMI

241+£0.1 [ 206+£0.1 [ 240+03 [ 2414£01 [ 246+03 [ 25.7+03 [ 28.7+0.1 |
Purity

51.3£0.0 [ 494+£0.0 [ 51.5+0.2 [ 51.24+02 [ 51.84+0.1 | 51.7+0.1 [ 54.8+0.0 |
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Fig. 6. Reconstruction error comparison of the compared algorithms with the variation of missing ratios on benchmark datasets.
. m ot 2 ot I
via ), 1K, (sp, sp) —K,(sp, sp)|I~, where K, and K, denote ~ D. Parameter Sensitivity of LI-MKKM-MR 701
the ground-truth and the imputed one, and s, denotes the miss- In this part, we analyze that relationship between the cluster- 7o

ing indices of the pth view. The results under various missing  jno performance and matrix-induced regularization. Referring 7o
ratios are shown in Fig. 6. As observed, the kernels imputed by ¢ (10), LI-MKKM-MR induces the ratio of the nearest 7o
our algorithm align with the ground-truth kernels are compara-  pejohbors ¢ and regularization parameter A. In the follow- 7os
ble or slightly better when compared to those obtained by the  jng we conduct another experiment to show the variation of 70
existing imputation algorithms. Note that our ultimate goal in  performance among different T and A on the Flowerl7 dataset. 707
this work is clustering, while imputation is only a by-product. Fig. 7(a) and (b) shows the ACC and NMI of our algorithm =
How to impute the missing views which not only achieves bet- by varying 7 in a huge range [0.02 : 0.02 : 0.2] with A =270, 7
ter clustering performance but also produces better imputation  From these figures, we can find that: 1) ACC fluctuates with 7o
result is worth further exploring. the monotonically increasing of t and 2) the start points of the 71
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712 ACC curves are typically higher than the end points, which
s induces that when the matrix-induced regularization term is
4 dominated at ending points while the local kernel alignment
maximization is dominated at starting points. These obser-
vations verify the successful joint preservation of the local
structure of data and the matrix-induced regularization term
s in our algorithm. Similarly, Fig. 7(c) and 7(d) presents the
s ACC and NMI of our algorithms by tuning A from 2= to 2
with T = 0.1. In this scenario, our algorithm also shows stable
721 performance over variational A.

As aforementioned, we conclude that compared to only
723 preserving global kernel alignment, such as MKKM-IK
in [36], our proposed algorithms are more essential to the
s clustering performance by preserving the local structure of
data. Meanwhile, the clustering performance could be further
; improved by incorporating the correlation among base kernels.
By appropriately integrating these two factors, it is possible
to obtain the best clustering performance. Practically, there
exists a tradeoff between the preservation of the local geo-
metric structure and the correlation of base kernels to ensure
the best clustering.
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732

E. Convergence of LI-MKKM-MR

According to [46], the convergence of our proposed algo-
735 rithm is guaranteed. We present one simulation trail of the
736 proposed LI-MKKM-MR on the Flower 17 dataset as an exam-
737 ple in 8. It is clearly shown that the objective value of the
738 proposed algorithm is monotonically decreased and converges
73 in a few iteration.

733

734

V. CONCLUSION

Though the newly proposed LI-MKKM is able to tackle
72 the task of MKC with incomplete kernels, it takes the

740

41

8 7 4 3 o 1

The variation of 2* (with 7=0.1)

(d)

Sensitivity of the proposed LI-MKKM-MR with the variation of A and t. (a) ACC with variation of 7 on Flower17. (b) NMI with variation of T on

correlation among base kernels into account insufficiently.
We proposed to calculate the kernel alignment to address

this issue together with matrix-induced regularization in a

local manner. The proposed algorithm efficiently solves the
resultant optimization problem, and extensive experiments on
benchmarks have demonstrated that LI-MKKM-MR consis-
tently outperforms state-of-the-art baseline algorithms. In the
future, we will design efficient and effective algorithms to
solve the optimization problem directly without approximating
M in (9).
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